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1 
1. INTRODUCTION 
1.1. Object and Scope 
An experimental investigation of the flexural yield criterion 
for reinforced concrete elements subjected to biaxial bending has been 
in progress at the University of Illinois} Urbana} since 1965. The 
over-all objective of this report is to summarize the information 
obtained. The specific objectives are: 
° (1) To present the general fOlmulation of the yield criterion 
for reinforced concrete slabs subjected to biaxial loading. 
(2) To provide a graphical solution} in polar coordinates} of 
th~y~eJ_d criterion. 
(3) To present proceduroes for predicting the behavior of 
reinforced concrete slabs subjected to different loading conditions and 
at var'ious stages of loading. 
{4) To develop a general method to determine the flexibility 
of slab elements subjected to different loading conditions. 
(S) To describe the ex_perimental studies carried out to test \,/ / 
the yield criterion presented. 
The yield criterion presented here is applicable to isotrop-
ically and nonisotropically reinforced concrete slabs subjected to any 
combination of external moments. Although emphasis is placed on the 
yield capacity) proceduresoare also presented for the determination of 
the response at any stage of loading. 
2 
1020 Outline of the· Experimental Investigation 
Two types of specimens were used in this investigp.tioTIo 
(1) Circular Specimenso These specimens were used in the 
* particular case of applied isostatic momento The characteristics of 
these tlC U! specimens are shown in Figo Ao5 and descr~bed in Appendix Ao 
All of the circular specimens were isotropically. reinforcedo 
The main variables were~ the amount of reinforcement and the concrete 
strengtho There were six specimens tested in this serieso Their 
properties are summarized in Table 101. 
(2) Rectangular Specimens. These specimens were used in 
conjunction with three different loading conditions: uniaxial bending) 
pure torsion, and combined bending and torsion. The characteristics of 
these HBn specimens are shown in Fig .. Ao6 and described in Appendix Ao 
A total of thirty-five HB" specimens were tested 0 Twenty-
three of them were isotropically reinforced and.twelve were nonisotrop-
ically reinforcedo The main variables were: the amount of reinforcement, 
and the orientation of the reinforcement with respect to the principal 
moment axeso· The properties of these specimens are summarized in 
Table 1.10 
The results of the tests have been presented in plots relating 
moment to curvature,}' moment to steel strains and moment to concret.e 
strains. 
Moment-curvature plots are presented in Appendix A for all 
41 specimens, and detailed moment-curvature, moment-steel strains and 
* See Appendix B for all definitionso 
3 
moment-concrete straLDs are presented for representative tests of each 
series in the text. 

4 
2. THE YIELD CRITERION 
2.1. Introductory Remarks 
The application of the theory of plasticity to· reinforced 
concrete slabs was stated fundamentally by Ingerslev (1)* as early as 
1921. The yield-line theory presented by Ingerslev was further developed 
on mathematical grounds by Johansen (2). Hognestad (3) has presented a 
review of the historical development of the yield-line theory as Of 1952. 
The basis of the yield-line theory is the yield criterion 
which describes the role of the rna terial in the yield line theory. Th'e 
applications of the yield-line theory to struc.turesof a certain material 
have to be based on the strength and behavior 'of that material under a 
.general loading condition. These characteristics are best' described by 
the yield criterion. 
In the theoretical and experimental research carried out on 
the yield criterion, q,uestions have arisen concerning the strength of a 
slab element when stressed in more than one direction, and the reorienta-
tion of the reinforcement bars at a yield line~ 
Wood (4) . reported that in tests carried out at the' Building 
Research Station on one-way spanning slabs,'the yield moment capacity 
for slabs' with reinforcement inclined at + 450 with the span direction 
. .-
was up to l~ percent higher as compared to that of a slab with reinforce-
ment parallel to the span direction. 
* Numbers in' parentheses refer to entri eS'in the References. 
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Baus and Tolaccia (-5) claim that there is an increase in the 
yi..eld moment when a slab, element is subjected to biaxial stresses·. This 
increase is maximum when. the· absolute magnitudes of the.stresses ~ the 
same. 
Along the same lines, Kwiecinski (6) has reported that 
(a) No twisting moment can exist at a yield line, and 
(b) Partial "kinking"· of the reinforcement takes place at a . 
yield line. 
As a result of the above conclusions, Lenschow (7) started an 
investigation, both theoretical and experimental, of the yield criterion 
for reinforced concrete slab elements subjected ·to hiaxial forces and 
moments. As a result of his investigations, .Lenschow presented the yield 
criterion in a single algebraic -s·tatement embodying both the m,agnitude 
of the yield moment and the orientation of they~eld line; described 
. the limitations of the yield criterion,· and presented 'a g~phic~l 
method for the use·of the yield criterion. 
On the basis of his theoretical and experimental results he 
has shown that there is po increase. in yield moment as a result of 
biaxial stresses·and that the reorientation of a reinfor~bar across 
a yield line is so s~ll that the increase in moment capacity. is 
. negligible. 
Reference (7) also present~ a well detailed review 'of theo~ 
re'tical'and experimental investigations <related to· the· ·yield criterion. 
In this 'chapter, Lenschow's flexural yield criterion .will be 
reviewed·and its projection to elements subjecte~ to combined bending 
and· torsion will be emphasized. 
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2.20 The Yield Criterion 
Figure 2.1a shows a nonisotropically reinforced slab element 
* subjected to a set of principal unit moments Ml andM2 acting along the 
cartesian coordinate axes u and v. (The direction of the arrows is 
based on the right-hand convention.) Figure 2.lb shows Mohr's circle 
for the applied external moments. 
The direction of the reinforcing bars coincide with the 
cartesian coordinate axes x and y) andf3 is the angle between the x- and 
u-axes. The resisting unit moments in the x- andy-directions are M 
x 
and M (positive) and MO and MO (negative). For convenience) M and y . x y x 
M also refer to the governing resisting unit·moments when the sla.b y 
element is subjected to the applied principal unit moments Ml andM2 . 
Let nand t be a system of·cartesian coordinate axes such 
that the t-axis coincides with the yield line) and I is the angle 
between the yield line and the u-axiso 
The principle of least resistance (7) applied to determine 
the formation of the yield lines states: yielding of the element will 
occur at a location in the slab element where the ratio of the applied 
moment to the resisting moment is a maximum regardless of the ~bsolute 
value of the external moment. 
From Fig. 20lc) the resisting moments at the yield line as 
expressed by Mohr I s circle are: 
(201) 
* See Appendix B for all notation. 
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~Thecomponents-o:f the~ appliedmomentsat-theyieldline~-are: 
ME =M 2 + Ml 2 (2.4) n 2 cos, sin, 
MEt = M2 ' 2 s~n , + Ml cos2, (2.5) 
MEnt = (M2 -Ml ) sin!' cos I' (2.6) 
The· applied moment will not exceed the capacity of the slab 
element. if~ 
/ME I < 1M I n n 
___ ~._~_~.~_ .... _gnct. ____ .. _ . __ ._ .. _. _.~_~ ___ . _____ . __ ._. _.~_~ _______ .'_"_"_" __ . ___ ._._ ._. ___ . _ .. _. __ . ____ ._. ___ ._ . __ ~ __ .. ~ __ .......... ______ .. ____ ... . 
(2.8) 
and 
The applied moments equal the carrying capacity when any of 
the above three inequalities becomes an e<iuality~ Along a line of 
least resistanceEq. 207 and 2.8 become equalities simultaneously. 
LetEqo 2.7 become an equality, then: 
ME = M 
n n 
For convenience let: 
~. -" 
8 
(2.11) 
and 
(2.12) 
The principle of least resistance can be expressed as: 
and 
derived~ 
d 
dr M 
n 
o 
(2.14) 
From.Eq. 2.1,.2.3, 2.4, 2.6 and 2.13 the following can be 
Therefore, if ME ='M, then M t = -ME t which means that at 
n n n n 
the yield line, which is a .line of least resistance, the component of 
the external moment normal to the yield line is equal.to the moment 
capacity. across the yield line, and the internal torsional moment is 
in equilibrium with the external torsional moment. 
2.3; The Orientation of the Yield Lines in a Slab Element 
The orientation, I, of the yield line with respect to one of 
the principal moment axes, as shown in Fig. 2.1a, can be determined 
to give: 
where 
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2 -
-tan , - wCl tanj + W = 0 
2 [(~-w) cotan ~l-~w] 
(l-Tj) cotan~ 
From E~o 2016 the following solutions can be obtained~ 
tan, 
tan), 
= 1+11 cotan2§~ 
- (l-Tj) cotan ~ 
(1-1]) cotan ~ 
2 Tj + cotan ~ 
and in general 
if w ~ O~ 
tan'Y (2020) 
FromEqo 2020, two values of 'i will in general be obtained 
which satisty Eqo 20130 However J only one of these values will satisfy 
.. Eqo 20·14· and this value will determine the condition of the maximum 
·a'bsolute ratio of the applied normal moment at the yield line to the 
corresponding resisting momenta The other value will mintmize this 
relationship a It is therefore to be emphasized that satisfying Eqa 2a14 
is. ~portant in order to compute the actual carrying capacity of the 
slab 0 
Figures 202J ·203 and 204 show the solution of Eqo 2016 for 
the cases of uniaxial bending, pure torsion and a particular case of 
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combined bending and torsion. All of these plots show the variation 
of the yield line orientation} /) for different orientations} t3) of 
the reinforcement with respect to the principal moment axis. The signs 
of the angles are shown in Fig. 2.1. 
The general fea twres of Fig. 2.2 through 2.4 show: . that when 
the reinforcement is perpendicular to either of the principal moment 
directions the angle r is zero,; and) also" the fact that the smaller 
the amount of nonisotropic reinforcement} the larger the deviation of 
the yield line with respect to the principal moment directions. Two 
values of ~ have been chosen} ~ = 0.5) and ~ = 0.25. 
2.4. Resisting Moments at the Yield Line 
It has been shown (7) that) in general) for nonisotropically 
reinforced slab elements, ~·f 1, with resisting moments in the directions 
of the reinforcement,;l.M and M J of magnitude: 
x y 
and 
A f 
M = A f d(i - Ie 2..L) 
.x s Y --:L CJ d 
M 
Y 
ca 
fllisfy 
= ~ f d (1 - kl IT d) 
s y ca 
(2.21) 
.(2022) 
where rJ is the average compressive stress in the concrete of the 
ca 
uncracked zone and kl expresses the position at the centroid of the 
compressive stress block. The resisting moment across a yield line 
perpendicular to the n-direction can be expressed by: 
11 
and the torsional moment at the yield line is~ 
1 ) 2 + (;7 M__ - M __ [cos (f3 + ?') 
f"":1 x . 
(2024) 
The last term on the· right-hand side of Eq. 2023 and·2.24 
reflects the fact that the depth of the neutral axis varies as the yield 
line rotates 0 The distribution of shear stresses over the compression 
zone is assQmed to be similar to that of the compression stresses. 
However, in deriving the yield criterion, the resisting 
,moments have been expressed on the basis of Mohr's circle, CEqo 201 to 
203) which does not consider the change in depth of the neutral axis as 
the yield line rotates 0 The maximum error involved in computing ,the 
resisting moment, M , by'Eqo 201 as compared with .Eqo 2023 is less than 
n 
five percent. The error for the, torsional.'momentj .-~nt.~;: iSr::lesEf ..... than 
ten percent for Eqo 203 as compared with Eqo 2.240 These approximations 
are considered acceptable. in view of the simplicity they provide to the 
formulation of the yield criterionc 
2050 Graphical Representation of the Yield Criterion 
In the following, a representation of the yield criterion in 
polar coordinates will be presentedo 
12 
From E~o 2.1) 204 and 2016 the carrying capacity of the slab 
element with respect to the absolute value of the maximum principal 
applied moment) M2J is~ 
(2.25) 
Figures 2.5 through 2.10 show the representation of the yield 
criterion as stated byE~. 20250 This polar representation of the yield 
criterion has been obtained as follows~ the ,polar radii show the magni-
tude of either the applied moment or the resisting moment, and the polar 
angle shows the direction of either the applied moment or the resisting 
moment with respect to the u~axis. 
Figure 2.5 shows the representation of the yield criterion for 
an isotropically,reinforced slab subjected to uniaxial bending. Because 
,the slab is isotropically reinforced, the resisting moment is plotted 
as a circle which indicates that the resisting moment is constant in 
any direction considered. The applied moment can be obtained from Mohr's 
circle and plotted as indicated aboveo ,As the applied moment is increased) 
the curve representing its magnitude Will expand maintaining its original 
shape and will eventually touch the curve representing the resisting 
moment. 'At this stage, the yield capacity of the slab will have been 
reacheda The magnitude of the carrying capacity will be given by the 
polar radii to the point of contact, and the angle I will give the 
orientation of the yield line with respect to the principal moment axis. 
In this case and all other cases of isotropic reinforcement" the moment 
capacity will be given by the magnitude of the maximum applied principal 
13 
moment and the yield line will coincide with the direction on which this 
maximum principal moment actso Therefore} y will bezeroo 
Figure 206 shows the'graphical representation of the yield 
criterion for a nonisotropically reinforced slab subjected to uniaxial 
bendingo .In this case it can be seen that the position of the point of 
contact of the applied and resisting moments does not coincide either 
with the principal moment directions or with the directions of the 
resisting moments M and.M 0 It can also be seen that the applied 
x y 
moment in the v-direction:cannot reach the resisting moment in that 
direction and that the yield line deviates an angle y from the principal 
moment axis. 
Figures 207 and·208 show plots for an isotropically and a 
nonisotropically·reinforced concrete slab subjected to puretorsiono 
tropically reinforced slab subjected to a combination of bending and 
torsion moments. The features of these plots are similar to those 
described for Fig. 205 and'2060 
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30 BEHAVIOR ·AND STRENGTH OF SLAB ELEMENTS 
SUBJECTED TO ISOSTATIC MOMENT 
301. Isotropically Reinforced Slabs (~ = 1.0) 
The behavior of an isotropically reinforced concrete slab 
element isostatic moment has rather simple and straightforward 
characteristics. Because of the multi-axial symmetry of the loading and 
the strength of the slab element., the problem reduces to that of .finding 
the strength-deformation characteristics of a beam 0 However} it has to 
be realized that the concrete in compression.at any cross section of a 
slab element under isostatic moment is in a state of biaxial compression. 
T-Qe condition of biaxial compression.in concrete requires consideration 
of two factors that may influence the strength and behavior of the slab 
-·····-··--.. · ..·--... · ..·--.... --.. ---.. ··· .. ··-·--e-.J;;.eflll;:;-f.H~-:--- .. - .... --.. ---.. -.-.-.... --... - .. ----... -.. -. ____ ._ .. _ ...... __ .. _._ .. ___ ... _._ .. __ .. _ .... _ ..... __ ... _. ______________________ ,_, __ .. __ ...... _ .... 
(a) Increase in compressive strength of the concrete, and 
(b) Effect of the Poisson's ratioo 
Hilsdorf (8) has shown, Fig. 3.1, that the difference in COID-
pressive strength for .concrete under equal biaxial stresses compared with 
that under uniaxial stress amounts to an increase of about 15 percent. 
Although this is not a universal factor and should change with variables 
such as the type of aggregate, it appears reasonable to assume that the 
increase in strength.is going' to be on the order of 15 percent rather 
than. 100 percent or even 50 percent. 
Poisson's ratio has negligible effect on the strength of a 
section but does have a measurable effect on' the strains. In Fig. 3.2 
PoissonTs ratio was determined from measurements of longitudinal and 
15 
transverse strains using SR-4 electric strain gages cemented to the 
compression surface of specimens subject to uniaxial moment. The 
average value was found to be V = 0.1. 
In the'following} the strength-deformation characteristics 
will oe described at different stages of loading. 
(a) Cracking 
The assumed stress and strain distributions over a rectan~llar 
cross section are shown in Fig. 3.3b and 3.3c. Compressive stresses are 
shown oelow the neutral axis to be consistent with the test setup. 
The strains in the concrete in'the two mutually orthogonal 
directions nand tare: 
0 0 
a a 
ct 0 cn 
E 
-,E - V E cn (3.1) 
c c 
0 0 
,a ct a 0 cn 
E 
ct = E -'V E 
c c 
a act cn 
E = 
,E - V E en 
c c 
a a 
, ct cn 
E - V 
ct E E (304) 
c e 
The strains in the reinforcement 'are: 
h - e - d' 
0 0 n 
E = E h n cn c 
n 
h 
-
ct - d' 0 0 
Et = E ct h - ct 
(3.6) 
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For isotropic reinforcement and with the assumption that both 
layers of reinforcement act at the same' level 
° E 
cn 
and c 
n 
From equilibrium of forces in the n or t directions: 
-1 0 ( 
h c - d' 
2 ° ~F FO + NO F c ) 0 n EA =-0" h cos a: - - + E h -n n n n 2 cn n cn c s s 
n 
h 
-
ct 
_ d' 
.20 1 
° EA 0 (3.8) + Ect h - sJ.n a: - ~. 0" C -ct s s 2, cn n 
From Eq. 3.7 and 3.8, the depth of the neutral axis at 
cracking in either the n or t directions becomes: 
0.5 + n(l - v) A Ih dlh 
s 
= --1---: -n--r(-l--v--<")-A"--' /-r-h --
s 
The bending moment at the cracking stage in either the n- or 
t-direction is: 
= F
O 
-32 h + NO Cd - c 13) n n n (3.10) 
"Where 
f 
Fo r (h ) n = 2 - cn (3.11) 
d - c 
NO = nf (1 = v)A h n 
n r s c 
n 
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M M c c 2 n (1 v )A s / h d 2 ~ = ~ = ! (1 - 2 2 + ~) + (-
f h 2 f h 2 3 h h 2 ( 1 - c nl h ) h 2 
2 
d cn c 2 - - +~) 
h h h2 
r r 
The curvature at cracking in either the n or t direction: is~ 
¢ 
cn 
f (1 - v) 
r 
= ¢ct = hE (1 - c !h) 
c n 
The effect of Poissonts ratio on the strength and deformation 
characteristics is dis cuss ed quantitatively below a . Let: 
p = A /d = 0001 fT 5QOO psi; f = 7 ~5000 i = 500 psi; s c r 
f = 50)000 psi E = 29 x 106 psi; n·= 8 y s 
d = 0085h h = 4 in. 
Calculations for V = 0.1 
The effect of PoissonTs ratio can be included in the defini-
tion of the modulus of elasticity of concrete subjected to equal 
biaxial stresses: 
E 
.Er c c=~ 
whereE I =.effective modulus of elasticity for Poisson's ratio V f 0 
c 
E = modulus of elasticity of concrete for V = 0 
c 
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The modular ratio becomes: 
E (1 - v) 
n l 
s 
n(l - V) = E = 
c 
where nl is the modular ratio for V 1= 0 
From E~o 3.9 c = ct = ·2.08 in. n 
M· =M 1 .. 49 k-in.!in. cn ct 
cp =cp 6.2 10-5 in. -1 = x 
cn ct ) From E~o 3.14 
E E ct = 11.8 x 10-
5 
cn 
Calculations for V = 0 
From .E~o 3.9 c = ct = 2.09 in. n 
M =M' = 1·51 k-ino!in. cn ct 
cp CPct 6·9 10-
5 in. -1 = = x 
cn ) 
From.E~o 3014 
E = E = 13·1 x 10-5 cn ct FromE~o 3.3 and 3.4 
From the above calculations it follows that the influence 'of 
PoissonYs ratio is negligible in determining the cracking moment even 
if a limiting-strain rather than a limiting-stress criterion is used. 
The effect of Poisson's ratio on curvature follows directly from its 
effect on $trains. 
(b) "Yielding 
The strains in the reinforcement in both directions are 
assumed to have reached the yield strain. The strain and stress dis-
tributions are shown in Fig. 3.3d and 3.3eo 
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The equilibrium of forces in the n or t direction gives: 
2Af 
s Y 
E E c2 
c y n 
= Cd - c ) (1 
n 
v) 
The depth of the neutral axis at yield is 
en = d [~ [pn (1-V )]2 + 2pn (1 - v) - pn (1 - V ~ 
The moment capacity at yield is: 
M = Myt = A f (d - c /3) (3 . 17) yn s y n 
where c is given byEqo 3016 
n 
The curvature at yield is: 
<P 
'yn = <P yt 
E 
=_-J.Ly_ 
d - c 
n 
The effect of biaxial compression and Poisson's effect is 
discussed quantitatively· in the following paragraphs~' 
Calculations for V = 0.1 
From Eq. 3.16 
From Eq. 3.18 
Calculations for V = 0 
From· Eq. 3.16 
M . = M t = 5.20 k-in./in . 
. yn y 
. -5 . -1 
<P = <P t = 72 x 10 } In. yn y 
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FromECl· 3.17 M = M = 5.15 k-in./in. yn yt 
¢ = ¢ = 75 X 10-5, in.-1 yn yt 
From the above numerical values, the conclusions to be drawn 
are that Poisson's ratio has negligible effect upon the yield moment and 
a very small influence on the yield curvature of a slab element subjected 
to eClual orthogonal moments 0 
These analytical results are furthermore supported by the test 
results reported by Lenschow (7) who showed that, as in the case for 
beams} differences in concrete strength of more than one hundred percent 
had negligible effect on the yield moment of underreinforced slab 
element$ subjected to isostatic moments. 
As a result of the above comparisons, Poisson's ratio will be 
neglected in all strength calculations reported here} but its influence 
on strains will be considered when its magnitude may have a bearing on 
the final results. 
(c) Ultimate 
The ultimate moment capacity can be calculated using the 
expressions: 
where 
and 
M = M t = A f d(l - O. 4k ) 
un u s su u 
f 
su k .=p-
u f 
cu 
f 
cu 
10,000 
8000 
1 +"fI 
c 
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f = average stress in the concrete at flexural failure 
cu 
of the section (9). All stresses are in psi. 
The curvature at ultimate can be estimated by assuming that 
the strain in compression in concrete reaches a value of 0.004 (9). 
<;P = cD 
un ut 
0.004 
=---kd 
u 
(d) Comparison of Calculated and Measured Quantities 
In the following,a quantitative evaluation of the behavior 
and carrying capacity of reinforced concrete slabs subjected to iso-
static moment will be presented. ·All calculated values were evaluated 
from Eqo 3.1 thrdugh 3.22 and are shown w.ith broken lines. in the 
diagrams •. The measured values are shown. in solid lines. 
The behavior of two typical specimens (C2) p = 0.01 and c24, 
.p = 0.005) in terms of moment-curvature, moment-steel strains, and 
moment-concrete strains diagrams is presented. In addition, moment-
curvature diagrams for all specimens are presented in Appendix A. 
(1) Moment-Curvature Relationships 
Table 3.1 presents the calculated and measured values for 
all six specimens tested with isostatic moment. The agreement between 
.measured and calculated values is good. 
Figure 3.4 shows the.layout of the reinforcement in specimen 
c24 shown in an upside-down position with respect to its position in 
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the test rig. Figure 3~5 shows a moment-curvature plot for circular 
specimen 02 and Fig. 3.6 shows the same plot for circular specimen 024. 
Figure 3.7 shows the yield-line pattern in circular specimen 
c24 and Fig. 3.8 shows circular specimen 02 after failure. 
,(2) Moment-Strain Relationships 
Figures 3.9 and 3.10 show the measured and calculated strains 
in the reinforcement for circular specimens C2 and 024. The uniformity 
of the measurements confirms the existence of a truly isostatic-moment 
condition in the entire testing area. 'The same can be said from 
Fig. 3.11 and 3.12 which show the measured and calculated compressive 
strains in the concrete for circular specimens 02 and 024 respectively. 
302. Nonisotropically Reinforced Slabs (~ t 1.0) 
Let x and Y,be the directiqns of the reinforcement in a 
reinforced concrete slab} and M J M J be the resisting unit bending 
x Y 
moments in, the x- and y-directions respectively. 
Let the ratio between the resisting unit moments be 
The ratio of the amount of reinforcement in the y and' 
x-directions will be defined as: 
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It is to be noted that if both layers of reinforcement are 
consiclered acting at the same level and the amounts are eClual, then 
--- -.--E"q-.-3-::2"3-anQ-J:2-4-give~nesameresu"l'Ca-----·-~-- - -- --.... - -- -.-- -.- -"- -.- .. -.. -
In the case of isostatic moment) the behavior and strength 
characteristics of nonisotropicallyreinforced concrete slabs, ~ f 1.0, 
can be predicted on the basis of the results for isotropically 
reinforced' slabs . 
. Because of the isostatic moment condition, the ratio of the 
applied moment to the resisting moment will be maximum across the section 
with the lower amount of reinforcement. Therefore, the capacity of the 
. slab will be determined by the resistance of the cross 'section with the 
smaller amount of reinforcement. The effect of PoissonTs ratio c~n.be 
neglected. 
The yield lines will be perpendicular to the direction of the 
sections 'with lower reinforcement. In the direction perpendicular to 
the sections with heavier reinforcement, cracking of the concrete may 
or may not take place depending on the ratio ~u 
·As a result, the behavior can be.explained using the same 
basic eCluations derived for isotropically.reinforced slabs, with the 
condition that the carrying capacity of the slabs will be determined 
by the capacity of the cross section with the lower amount of reinforce-
ment. 
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4. BEHA.VIOR AND STRENGTH OF SLAB ELEMENTS 
SUBJECTED TO UNIAXIAL MOMENT 
--- __ -~- - -- - - ---- _~ _________ ~ _____ M _____________________________ ~ ____ _ 
4.l. Isotropically Reinforced Slabs (l-l= 1.0) 
A reinforced concrete slab element subjected to a uniaxial 
moment is one in which only one of the principal applied bending moments 
has·a finite magnitude, the other being zero. 
Figure 4.1 shows a representative isotropicallyreinforced 
slab element subjected to a uniaxial bending momento In the following 
paragraphs, the load-deformation characteristics at different stages of 
loading will be discussed. 
(a) Cracking 
Let nand. t be a set of orthogonal coordinate axes where n is 
the direction in which the applied uniaxial unit bending moment,ME , 
.n 
acts. Let also x and y.be a set of orthogonal coordinate axes that 
coinqide with the directions of the reinforcement) and aO the angle 
T- . . . ,0\ n .L.l..1.l.. • between the x and n axes. he superscrlp~ \ ) rerers vO vne vop reln-
forcem.ent and strains .. 
The strain and stress distributions in a cross section 
perpendicular to the n-axis at the cracking stage are shown in Fig. 
4.2(b) and (c), where: 
0 (J 
0 cn 
E = E en (4.1) 
c 
(J 
cn 
E = E en (4.2) 
c 
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The strains in the reinforcement with both layers being 
considered acting at the same· level are~ 
0 0 2 0 0 
siri2a o 0 . 00 .E = E cos a + Et + Int sJ..na cosa sx n 
0 0 .20 0 2 0 0 . 00 
E E sJ..n q + Et cos a - Int sJ..na cosa sy n (4.4) 
Equations 4.3 and 4.4 can also be ;represented by Mohrfs Circle. 
Because of the external moment conditions) there is no shear 
strain in planes perpendicular to the n- or t-axes and the strains in 
the t-direction result fromPoissonts ratio which has already' been shown 
to be negligible. Thus) the effective modulus of deformation of the 
reinforcement in.any.direction can.be written as: 
( 4 0 . 4 0) .E cos a + sJ..n a 
s 
which makes the effective modular ratio)n ) become 
u 
( 4 0 . 4 0) n = n cos a + sJ..n a 
u 
The depth of the neutral axis at cracking·is: 
1 + nA Ih 
u s 
The bending moment capacity at cracking.is: 
t
n A d 
u s 
h 2 
(4.5) 
(4.5a) 
(4.6) 
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The curvature at cra c'king is ~ 
cp 
cn 
f 
r 
E (h - c ) 
c n 
(b) Yielding 
At this stage of loading three cases are possible in an 
underreinforced'section: : 
(1) Only one layer of reinforcement reaches the yield strain. 
(2) Both layers reach the yield strain at the same time. 
(3) Both layers reach the yield strain at different times. 
Case (1) occurs when the layers of reinforcement are 
o 0 ° ° oriented at angles) a = 0 and a = 90 J respectively. In this case 
only the layer inclined at aO = 00 will yield, and the perpendicular 
layer of reinforcement will not influence the strength of the slab 
element. 
Case (2) occurs when both layers are symmetrically oriented 
with respect to the yield line, aO = ±.450o It is to be noted that in 
all cases the yield line-will occur perpendicular to the n-axis} the 
axis df the applied external uniaxial moment. 
Case (3) comprises all other inclinations of reinforcement. 
In the following, an analysis of the moment-cur:vature relation-
ship. at stages between cracking and yielding will be presented and the 
limitations on the different cases will be shown 0 
From e~uilibrium of forces in the n-direction, as shown in 
Fig. 4.2(d) and (e) 
with n 
u 
E 
s 
E 
c 
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( 4 0 . 4 0) cos a + Sln a and p = a /d 
s 
The unit bending moment in the n-direction .is: 
The c~vature in the n-direction becomes: 
o 
E E 
en n ~ = --- = ------
n cdc 
·n n 
(408) 
(4.10) 
(4.11) 
The ratio ~ /M expresses the flexibility of the slab element 
n n 
in the n-directiono From Eq. 4.8, 4.10 and 4011 the flexibility at any 
~tage between cracking and first yielding. is: 
~ 1 n 
-- - --------~------~-----------------~--( 4 0 4 0 M. n AcE cos a + sin q )(d - c )(d - c /3) 
s s n n 
(4.12) 
Figure 403 shows a plot of Eq" 4012 ;for A /h = 00005 and 
s 
A Ih = 0.01. The ratio A Ih rather than p. is used in order to simplify 
s s 
comparison with the case for torsion. 
In the following, the limitations of the· moment-curvature 
relationships at yield on cases (1), (2) and (3) are shown. 
( 
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The total force in' the n-direction due to the two layers of 
reinforcement acting in the x- and y-directions is: 
NO = NO + NO 
n xn yn (4013) 
where 
NO 
= A·E 0 4 0 E cos a 
xn s s n 
(4.14) 
'No = A.E ° sin4a o E yn s s n (4.15) 
From Eq. 4.13, 4.14, and 4.15, the following relationships 
can be derived: 
4 0 
cos ex 
--- = ---~---------~-
, 4 0 4 0 Sln a + cos a 
Equations 4.16 and 4017 are plotted in Fig. 4.4. From 
Eqo 4.10,4.12 and Fig. 4.4 the following can be concluded: 
Case (1). aO = 00 , the reinforcement in the y-direction has 
no effect on the moment capacity or on the flexibility of the slab 
element. , 
() rvO 4 0 b t Case 2 0 ~ = ± 5, both layers of reinforcement contri u e 
equally to both the moment capacity and the flexibility of the slab 
element. 
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Case (3). 00 < aO < 450 . From the plot it can be concluded 
that fOT 0 0 S200 the contribution of the reinforcement in the y-direction 
to the moment capacity and the flexibility of the element is,of the order 
of 2 percent. By the same reason it can also be said that the yield 
o 0 
moment for a specimen with orthogonal reinforcement oriented at 0 ~ 20, 
will reach 98 percent of its yielding capacity when the more effective 
layer of reinforcement reaches the yield strain. At the stage when the 
reinforcement in the less effective layer reaches the yield strain" it 
is necessary to check whether the stresses in the concrete can still be 
considered linear" and whether the,more effective layer has not reached 
the strain hardening. ,If both conditions are satisfied ,then the moment 
equations above are still, applicable. If the conditions are not 
sa'tisfied, "then - it 'is 'necessary ,t6consider the, actualstress'-strain 
relationships for concrete·and reinforcement. 
(c) Ultimate 
The ultimate moment capacity can be calculated using the 
expressions: 
M = NO d(l - O.4k ) 
un nu u 
(4.18) 
where N 
nu 
tension force in the reinforcement at failure of the 
section. 
The curvature at ultimate can be .estimated as 
= 0.004 
kd 
.u 
(4.19) 
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(d) Comparison of Calculated and Measured Quantities 
This section presents a quantitative evaluation of the variables 
that influence the load-deformation characteristics of slab elements 
subjected to uniaxial bending. It has been shown in the previous chapter 
that concrete strength has a very- small effect on the carrying capacity 
of underreinforced slab elements. Therefore, for a given yield stress 
of the reinforcement, the variable that has the most effect on the load-
deformation characteristics is the orientation of the reinfarcement with 
. respect to' the axis on which the uniaxial mament acts. 
The behaviar and strength of three typical specimens. (B7, 
a~ = ~45°; BS, a~ =·-22.5°and BIO, a~ = 900 ) will ~e described in terms 
of moment-curvature, moment-steel strains and moment-concrete strains 
.diagrams 0 •.. All . calculated values were obtained on .the .basis .ofthe 
equations derived in sections 4.la through 4.lc and are· shO''';'ln 1'rith broken 
lines in the diagrams. Test results are shown in solid lines .. In 
addition, moment-curvature diagrams for all specimens tested under 
uniaxial bending are presented in Appendix A a 
(1) Moment-Curvature Relationship 
Table 4.1 presents the calculated and measured moment-curvature 
values for all spec1mens tested under uniaxial bending. It includes bath 
isotrapically and nonisotropically reinforced specimens. The iso-
tropically reinforced specimens are discussed in this section} and the 
nonisotrapically reinforced specimens are discussed in other sections of 
this chapter. 
The moment-curvature relationship for specimen B7 is. shown in 
Fig. 405, which also shows the orientation of the reinforcement and the 
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graphical representation of the yield criterion. The calculated values 
for moment and curvature are in good agreement with the test results. 
There is a well defined yield point indicating the simultaneous yielding 
of the two layers of reinforcement. 
Figures 4 .. 6 and 4.7 show the· moment-curvature relationships 
for specimens B8 and BIO. Because of the orientation of the reinforce-
ment in specimen B8, there were two well defined yield stages, the first 
corresponding to the yielding of the reinforcement in the more effective 
layer and the second to the yielding of the .reinforcement in the less 
effective layer. The test results of BIO shown in Fig .. 4 .. 7 reCluire ·no 
further comment since it is essentially ,a beam test where the direction 
of the reinforcement and the applied uniaxial moment coincide. 
A ·Cluantitative evaluation of the flexibility of specimen B7, 
BS and BIO calculated on the basis of the test results. ·is in good agree-
ment with the ca.lcula ted values on the bas is. of ECl 0 4'012 a 
(2) Moment-Steel· Strain Relationship 
.Calculated and measured values for strains·in the reinforce-
ment ·in specimensB7" BS and BIO are shown .in Fig.· 4.S, 4.9 and 4.10. 
In calculating the· steel ~trainsplottedin Fig. 4.S the 
actual depths of the two layers' of .reinforcement were used. 
Figure 4.9 shows the' measured and calculated ste'el strains. in 
spe cimen BS. There is good agreement between measured' and calculated 
values for layer 1 while there is a distinct deviation. for layer 2 after 
cracking of the concrete 0 
In contrast to the trend. shown in Fig. 4.9} agreement was 
obtained petween measured and calculated values for both layers of bars 
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in specimen B7 as shown in Fig. 4080 In specimen B7, both layers of 
bars were oriented at 450 to the principal-moment axis. On the other 
hand) in specimen B8 layer 1 made an angle of 22050 and layer 2, 67.50 
with the principal-moment axiso In calculating the strains in an 
isotropically reinforced slab subjected to uniaxial moment) shifts in 
the principal curvature direction are ignored. Actually, the orienta-
tion of cracks in the specimen tend to rotate in the early stages of 
loading to Vlavoid H the more effective layer of reinforcement. Conse-
quently, layer 2 at 67050 is strained more than what the calculations 
indicate. The effect of this shift in crack orientation on strength is 
negligible) but it shows on the strain plots. 
Test results and calculated values for specimen BIO are shown 
in Fig. 4.10. The compressive strains in the transverse la.yer of rein-
forcement were calculated for Poisson v s ratio, V = 001 and a limiting 
tensile strain.in the concrete 0.0002. 
(3) Moment-Concrete Strain Relationship 
Calculated and measured values of concrete strains on the 
compression .side of the test specimens, in both of the directions of 
the principal applied moments) longitudinal and transverse directions.? 
are presented in Fig. 4.11 through 4015. 
Longitudinal and transverse strains for specimen B7 are shown 
in Fig. 4.11 and 40120 The effect of the orientation of the reinforce-
ment , with respect to the axis of the uniaxial moment). on the concrete 
strain follows from its effect on the flexibility of'the specimen. The 
tensile strains in the transverse direction of the compression face have 
been calculated for Poissonis ratio V = 0.10 In a similar fashion, 
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Fig. 4.13 and 4.14 present calculated and measured concrete strain 
values for specimen B8,and Fig. 4.15 presents the results for 
specimenB. :La. 
It can be said from these results that a linear variation of 
both moment and deformations between cracking and yielding provides a 
good picture of the behavior of these specimens. 
4.20 NonisotropicallyReinforced Slabs (~'E 100) 
As defined here" a nonisotropically reinforced slab is one in 
which the amounts of reinforcement in two mutually orthogonal directions 
are different. If the slab has both top and bottom reinforcement, it 
will be considered that the isotropy. ratio is the same on the top and 
bottom reinforcement layers;: and, also" that the orientation of the 
heavier and weaker layers of reinforcement is the same on the top and 
bottom. 
In the following paragraphs, the load-deformation character-
istics of nonisotropically:reinforced slabs subjected to a uniaxial 
moment is discussed. 
(a ) era cking 
'It has been shown (7) that the initial cracking in a .noniso-
tropicallY,reinforced slab occurs in a plane perpendicular to the 
direction on which the maximum principal moment acts. The nonisotropy 
of the reinforcement in reasonable amounts has no effect on the orienta'-
tion of the initial crack but does have an effect on the contribution of 
the reinforcement to the cracking moment. Accordingly" the cracking 
/ 
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moment can be computed on the basis of the e~uations derived for iso-
tropically reinforced sla.bs subjected to uniaxial bending by introducing 
a modified modular ratio, nr) which can be expressed as: 
u 
I (4 . 4 ) n = n cos °a + ~ Sln a 
u 
(4.20) 
Under these conditions) the depth of the neutral axis at the 
cracking load is: 
c 
n 
h - 1 + n T A /h 
u s 
The bending moment capacity at cracking is: 
and the curvature is: 
cp 
cn 
(b) Yielding 
f 
r 
= E (h - c ) 
c n 
(4.21) 
(4.22) 
At this stage of loading the yield line orientation does not, 
in general" coincide with the direction on which the maximum principal 
moment acts or with the directions of the reinforcing bars, as has been 
already discussed in Chapter 2. Consequently} the carrying capacity at 
yield ca.n be calculated on the basis of the principle of least resistance 
explained in Chapter 2. 
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In the following paragraphs) an evaluation of the flexibility 
characteristics of nonisotropically reinforced slabs subjected to uni-
-------axial---mGmeB.~---a-t-any-:-s-tage-of-load:i.:ng-be-tween--craeking-and--first--yi-e-J.:ding-------------------
is presented. 
Figure 4.16a shows a nonisotropically reinforced slab subjected 
to uniaxial moment. - Figures 4.l6b, c) d) .and e show the cross section 
of a slab element) and the assumed normal) .tangential) and shear strain 
and stress distributions at the crack. It will be assumed, as shown in 
Fig. 4.16a" that the ratio of the amounts of reinforcement in they- and 
x-directions is Il) and that the area of reinforcement per unit width in 
the x-direction is.; A . 
. s 
The resisting moment in the direction normal to the crack is: 
·ME =M= NO(d - c /3) 
n' n n ·n (4.24) 
The resisting moment in the tangential direction to the crack) 
when such a section· is uncracked) is: 
(4.25) 
If the section.is cracked) then the second term in the· right-
hand side of Eq. 4.25) . which is the contribution of the concrete in 
tension} becomes negligible. 
In'Eq. 4.24 and 4~25 the component forces of the reinforcement 
in the-normal and tangential directions to the crack)·as shown in 
Fig. 4.l6) are: 
and 
+ . (2 SlnaCOSa cos a - ~ s 
N~ = ASES~~ sin2a cos2a(1+~) + E~(Sin4a + ~ cos 4a) 
+ f~t Sino:cosa(sin2a - ~ cos2a~ 
Similarly, the forces in the concrete are: 
1 0 
F - 2 E .E d n n c 
2 
c 
n 
- c 
n 
2 
ct 
.. _ ............................... _ ............................................................ -.-................................... - ....................... .J:~ .. , ......... - .... ..';::; .... -1;:;.. , .......... Ec" 'Q . _ c ......_ ..... _ .. __ .... _ ...... _ ..... - .................. _ ... .. 
t 
and 
(4.26) 
(4.28) 
Because of the nonisotropy of the reinforcement a shear strain 
exists in the planes normal and tangential to the crack which affects to 
some extent the strains in the direction of the reinforcing bars. An 
estimate of the maximum shearing strain can be obtained on the basis of 
the elastic solution for rectangular members subjected to torsion (10)0 
The·maximum shearing strain for a given unit torque Mnt and 
a width to depth ratio larger than 10 is assumed to be: 
Metz Reference Room 
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where G is the shearing modulus of the concrete which for V = 0, 
becomes G = E /2. 
c 
The shearing strain at the level of the reinforcement is: 
1 0 ~-=~ 
nt = Int ( 4.32) 
o 
which. in view of the above approximations can be taken as 1 nt = :y nt . 
The shear.force in the reinforcement is: 
No . __ A E' roe 2 . 2) 0(. 2 2 ) 
.
slnacosa En cos a - ~sln a + Et sln a - ~cos a nt s s 
+ r~t sinacosa(l - 118 (4.33) 
From equilibrium. of forces in the n-direction, Eq. 4.26 and 
4.28, the dE;!pth of the neutral axis. is: 
where 
o 
4 .4 Et. 2 2 (1 ) cos a + ~s In 0: + - s In acos a . + ~ 
o 
E 
n 
o 
. .Y nt. (2 . 2 ) 
+ --- SlnO:cosO: cos a - ~sln a 
o 
E 
n 
In the t-direction, two cases may be considered: 
(4.34) 
(a) If the section is uncracked, the depth of the neutral 
axis is very close to, ct = h/2, and the strains in the t-direction are 
small compared to those in then-direction. 
! .•• 
(b) If the section is cracked, then the contribution of the 
concrete in tension becomes negligible) and the depth of the neutral 
axis can be expressed as~ 
where 
° c: 
C2 = sin
2
acos
2
a(1 + l-L) + '-~ (sin4a + l-Lcos4a) 
E 
n 
An estimate of the ratios Eto/EO and rOt/Eo can be obtained 
, , n n n 
as follows: 
The stiffness of the slab in the n-direction is: 
M (d - c ) 
n n K = 
n ° E 
n 
where Knl on the basis of the results obtained for isotropically 
,reinforced slabs and modified by the factor l-LJ can,be taken as being 
proportional to: 
( 4.39) 
FromEq. 4.38 and 4.39; the strain at the level of the 
reinforcement in the n-direction becomes: 
o 
E 
n 
where Ktcan be taken as: 
M 
·n 
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(4.40) 
(4.41) 
(4.42) 
From Eq. 4.41 and 4.42 the strain at the level of the rein-
forcement ·in the t-direction becomes: 
From Eq. 4.3l the shearing strain I~t = Int is: 
6JY.Int 
r O 
. nt .= E h2 
.. .c 
(4.43) 
From Eq .. 4.40 and 4.43- the ratio between E~ and E~ can be 
derived .to be: 
o M C 4 .. 4 ) (d /3) 
.Et t cos a + f..LSln a en 
o'=M C- . 4,..", 4,..",) Cd -ct /3) E Sln ~ + f..Lcos ~ -n n 
(4.45) 
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If the sections normal to the t-axis are also cracked, then 
the depths of the neutral axis in both the t= and n-directions, ct and 
c
n
' respectively) will be comparable., On the other hand, if the sections 
__ .. ________________ normaL_tn_the_t~axis_are_uncIacke.Q)--the_raLio_€-~I-£~-.ShOJllLb.e--negligible-<>----.. 
Considering that the sections normal to the t-direction are cracked, then 
from E~. 4.45 and the principle of least resistance applied to the 
formation of the cracks, as stated in Chapter 2, the following relation-
ships can be obtained: 
o 4 . 4 Et == tari2r cos a + t-LSln a 
o . 4a 4a E Sln + t-Lcos 
n 
Stillilarly from;Eq. 4.43 and 4.44 the ratio rOt/Eo can be 
n n 
expressed tlS~ 
o 
E 
n 
== 
.6Mnt AsEs(cos 4a + t-Lsin4a)(d - cn/3) 
On the basis of the principle of least resistance and assuming, 
that for normal amounts of reinforcement, the ratio (d - c
n
/3)/h.is 
between.,008 and 0.9,· Eq. 4047, for p. == 0001 and n == 7, can be expressed 
as: 
(4048) 
The curvature in the n-directioncan be expressed as 
0 
E 
n 
== d - c 
n 
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From. Eq. 4.24, 4.46 and 4.49 the express.ion for the flexi-
bility becomes: 
<P AE h 2 
n s s 
M 
n 
= 
d-c d-c /3 4 4 /... . l (T)( hn ) tos a + flS in a 
EO r
O j t . 2 2 nt . 2. 2 
+ -- Sln acos a(l+~) + --- slDacosa(cos a-~sln a) 
o 0 
E E ' 
n n 
For moderate.amounts of reinforcement) an approximation can 
be made by considering that the terms containing the ratios E~/E~ and 
rOt/EO have a negligible effect on the .flexibility of the s-lab element. 
n n 
On this basis' Eqo 4.50 can be simplified to 
c;P.A· E h 2 
n s s 
M 
·n 
1 
d-cd-c. 13 4 4 (~)( ~ )(cos a + ~sin a) 
(4.51) 
The variation in flexibility calculated fromEq. 4.50 and 
4.51 as a function of a) .the angle between themain.layer of reinforce-
ment and the major principal moment axis} has been plotted in Fig. 4.17 
for p = 0.01 and ~ ? 0.50 It can be observed .in Fig. ~.17that the 
differences between Eq. 4.50 and 4·.51 are less than. 5 percent. Further~ 
more) the pmaller values of flexibility are given by Eq. 4.50) because 
a tensile strain in the t-direction) E~J decreases the strains ,in the 
d ' t' 0 n- lrec lon E . 
'n 
Figure·4.18 shows the variation of flexibility calculated 
from Eqo 4.51 as a function of ct" for p = 0.01 and ~.= 0.25 •. 
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Figure 4.19 shows the variation of the depth of the neutral 
axis as a function of o. The values plotted have been calculated for 
isotropic reinforcement p O.Ol,p =-0.005, and nonisotropic reinforce-
ment p = 0001 and ~ = 0050 
Figure 4020 shows the variation of concrete compressive 
strains in the n-direction as a .function of 0, in both isotropically 
and nonisotropically reinforced slabs subjected to Qniaxial bending. 
(c) Ultimate 
The ultimate moment capaci.ty of nonisotropically reinforced 
concrete slabs subjected to uniaxial bending can also be computed on 
the basis of the principle of .least resistance by introducing the 
components of the·ultimate moment capacity of the nonisotropic rein-
forcement in a direction normal to the yield line. 
(d) Comparison of Calculated and Measured Quantities 
The effect of the nonisotropy of the reinforcement on the 
·relationships between moment-curvature, moment-steel strains, and 
moment-concrete strains for slabs subjected to uniaxial bending is 
discussed here. 
There ·were three specimens tested with nonisotropic reinforce-
ment: B9, Bll, and B12. The characteristics of these specimens are 
presented in Table 401, which also shows the numerical values of the 
calculated and measured moment-curvature relationships at cracking, 
yielding .and the calculated and measured values of bending moment 
capacity at ultimateo 
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In the following paragraphs, the results of one of these 
specimens (B9; ex? = 450 ) will be discussed in terms of the moment-
x 
deformation characteristics above mentioned. In addition) moment-
curvature relationships are presented in Appendix A for all three 
specimens of this series . 
. (1) Moment-Curvature Relationship 
The moment-curvature diagram for specimen B9, which had the 
main reinforcement oriented at 450 to the principal moment axis; is 
shown in.Fig. 4.21, .whichalso shows the graphical representation of 
the yield criterion. The calculated values for moment are based on the 
yield criterion.and those of curvature are based on.Eg. 4.51. Calculated 
values· are shown. in broken.lines and measured values in solid lines. The 
agreement between calculated and measured \~lues is good. 
(2) Moment-Steel Strain Relationship 
Calculated and measured values for steel strains in specimen 
B9 are shown. in Fig. 4.22. In calculating the steel strains plotted 
in Figo 4.22, the actual depths of the .two layers of reinforcement were 
used. 
(3) Moment-Concrete Strain Relationship 
Calculated and measured values of compressive concrete strains 
in the longitudinal direction of specimen B9 are shown in Fig. 4023. 
The calculated values are based on: a linear strain distribution, and 
the values of curvature' and depth to the neutral axis, as derived in 
Section. 4. 2b of this. chapter. 
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5 a BEHA. VIOR AND STRENGTH OF SLAB ELEMENTS SUBJECTED 
TO COMBINED BENDING AND TORSION 
5.1. Isotropically Reinforced Slabs (jJ..= 1 .. .0)·· 
A reinforced concrete slab element subjected to combined 
bending and torsion is one in which both of the applied principal 
moments have a finite magnitude. The sign of the ratio of these 
principal moments may be negative or positive. 
Figure 5.1 shows an isotropically reinforced slab subjected 
to combined bending and torsion. The axes on which the principal 
moments Ml and M2 act are u and Vo The x- and y-axes coincide with the 
directions of the reinforcement, and a is the angle between.the v-axis 
and the x-axis. Because the slab is isotropically reinforced, the 
yield line will.coincide with the u-axis. Therefore, the t- and 
n-axes, which are the yield-line axes, coincide with the u= and v-axes. 
In the following paragraphs, the load-deformation character-
istics at different stages of loading will be discussed. 
(a) Cracking 
The capacity at cracking for an element isotropically re-
inforced top and bottom is the same as that of a beam with e~ual amounts 
of tension and compression reinforcement. Under these conditions, the 
neutral axis is at mid-depth of the section, and the forces in the 
concrete and reinforcement are as shown in Fig. 5.2. 
The larger applied principal moment is. chosen to be ME 
n 
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Accordingly, cracking will take place first on the section 
subjected to the moment MEn' and the section under the moment MEt mayor 
.may not crack depending on the relative absolute magnitude of MEt in 
relation to ME . 
n 
Only in the case I MEn I = IMEtl, and if the effects of dead 
weight moment are negligible.9 will cracking take place simultaneously 
in both the n- and t-directions. 
For convenience the principal moment acting in the v-direction 
is defined as positive" and that acting in theu-direction as negative. 
In general the sense of the moments and curvatures can be determined 
by inspection. The following sign convention has been adopted to 
maintain consistency in the derivations. Compressive strains. and 
forces are negative. Distances are measured from the neutral axis 
for curvature and from the point about which the moments is calculated 
for moment. Downward distances are negative. 
0 
E E 
<P n n = (c d' ) = d n' - - c n n 
0 
q:, .Et .Et 
= d' = (d ct ) t ct - -
The strains in the reinforcement (with Int o =7 nt = 0) are: 
0 0 ·2 0 0 .. 2.0 (5.3) .E E cos a . + Et Sln a EX n 
0 0 .·2 0 0 2 0 (5.·4) E = E .Sln a + Et cos a sy n 
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2 . 2 
E = E cos a + Et Sln a sx n 
. 2 2 E = E Sill a + Et cos a sy n 
The force components of the reinforcement in the n- and 
t-direetions are~ 
NO =A E (Eo 4 a 2EO .20 2 ° ° . 4 0) (507) cos a + Sln ex cos a + E Sln a n S S n .t n 
NO :::: A ·.E (Eo 4 0 a .2020 a . 4 0) (508) cos a + 2E Sln ex cos a + Et Sln a t ·s S t n 
N :::: A E (E 4 . 2 2 . 4 ) (509) cos a +2Et Sln a cos a + E Sln a n s S n n 
Nt :::: 'AsEs (Et 4 2E . 2 2 . 4 ) (5010) cos a + Sln ex cos a + Et S In a n 
The force components of the concrete in the n- and t-directions 
are: 
FO :::: EO.E (h-c. )/2 
n cn c n 
F :::: € .E c /2 
n cn c n 
FO :::: E~tEcCt/2 t 
F = EctEc (h-ct )/2 . t 
From equilibrium of forces in the n-direction 
NO + N + Fa +F 0 
n n n 1:1 
The bending moment capacity in the n-direction is: 
·M = NOd + FO(2h/3 + c /3) + F c /3 + N d' 
en n n n n n' n 
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At cracking the stress in the extreme concrete fiber in 
tension .is assumed to reach the nominal modulus of rupture f . 
r 
Because of symmetric reinforcement} the depth of the neutral 
axis in both the n- and t-directions is 
where 
c 
n 
For symmetrically oriented reinforcement (0: = et°)} and from 
0 
cP E E 
n n n 
- = -= 
CPt 0 Et Et 
The cracking moment in the·n-direction is: 
( 4 2 .CPt . 2 2 . 4 ) ~ ·-n cos 0::+. ~ Sln a cos.a + Sln 0: 
.. ot '*' 
n 
The curvature a,t cra cking is: 
(b) ,Yielding 
At this stage. of loading , the section .in the n-directionis 
crackedo .The contribution of concrete in tension to the moment capacity 
may be ignored. ,In the t-dire.ction the section mayor may· not be 
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cracked, depending on the ratio of the applied principal moments. 
Therefore, the concrete in tension in the t-direction mayor may not 
contribute to the moment capacity in the t-direction. 
From equilibrium of forces in the n-direction (Fig. 5.2c) 
with FO 0, 
n 
NO + N + F = 0 
n n n 
The bending moment c:apacity in the·n-direction is 
M= NOd + F c /3+N d' 
n n n n n 
From·Eq. 5.1, 502, the force-strain relationships for concrete 
o 
and reinforcement, and for symmetrically oriented reinforcement, a = a , 
.2 
c = 
n 
and 
2A·.E 
s s 
E 
c 
4 cos 0;) 
(5.24) 
A similar analysis in the t-direction gives the following: 
2AE 
s s 
E 
c 
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and 
In order to simplif,y·Eq. 5.24 through 5.27 let: 
4 . 4 A = cos a + S J..n a 
.. 2 2 B = SJ..n acos a 
then: 
~ 1 ~ = --------------~----~~----------~------~--~~~----
Mn ,AE 't(d2 + d,2 _4c_n_h + :_2C_~) (~<Pt)(2ddl 
S S .3·3 c;p 
n 
2c ctj n ) 3 . 
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In the derivation of Eq. 5.26 and 5.27 it has been assumed 
that the section in the t-direction is also cracked. This assumption 
is not too unrealistic since the difference in depth of the neutral axis 
for asection-- cracked or uncrackedis small for a_section w.ith a 
moderate amount of reinforcement. 
The results of Eqo 5.25 have been plotted in Fig. 5.3 for' 
two different amounts of reinforcement,? A /h = 0.01 and A /h = 0.005, 
s s 
which have been combined with two different ratios of principal moment,? 
MEt/MEn = -0.14 and MEt/MEn = -0045. These moment ratios are the same 
as those chosen for the experL~ental investigation. The general shape 
of these diagrams is the same as those presented for uniaxial bending 
.which were discussed in Chapter 4. On the other hand, it can be seen 
in Fig. 5.3 that for small amounts of reinforcement the differences in 
flexibility for an increase in principal moment ratio is small as shown 
by curves 1 and 2. As the amount of reinforcement is increased then 
this difference becomes more evident as shown in curves 3.and 4 of 
Fig. 5.3. In the case of combined bending and torsion, as in the 
cases of uniaxial bending or pure torsion, the flexibility of an iso-
tropically reinforced slab is maximum·when the isotropic reinforcement 
deviates an angle of 450 from the principal moment axis. 
In the following it will be shown that the equations above 
derived apply to the particular cases of isostatic moment, biaxial 
bending, uniaxial bending and pure torsion. 
1. Isostatic Moment. ~~king use of the conditions of symmetry, assuming 
that there is no compression reinforcement, and introducing the following 
identities: 
o 0 0 
a = 0 or 90 j E 
n 
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depth of the neutral axis in either the n or t directions becomes: 
/-2. I 
c
n 
= ct = d (~pn + 2pn - pn) 
a.nd the flexibility. is : 
<Pn <Pt 1 M = M
t 
=. A-.-E-""""( d---c-."'-) C"'-d---c -/"-3-'-) 
. n s s n n 
Equation 5.28 is equal to Eq. 3.16 forPoissonfs ratio V = 0 
andE~. 5.29 expresses that for a certain· amount of reinforcement} p) 
and a modul-ar ratio} n} the flexibility of the slab element is a 
constant value which does not depend on the inclination of the rein-
forcement} a • 
. 2 .B.~~:x.l.~l. :S.endi:rig_:, ,(0'.< .. ~t/ME~ < 1) . For no compression reinforce~ 
ment and assuming that the sections in both the~and t-directions are 
cracked) the depth of the.neutral axis in the n-direction becomes: 
<P 
h ( 4 2 t.2 2 .4) w ere~.= n cos a·+ ¢ s~n acos a + s~n a 
n 
The flexibility· in the.n-direction at any stage.between 
cracking· and first yielding is: 
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Uniaxial Moment (ME~/ME = 0). 
l" n 
For no compression reinforcement and 
the following strain and force conditions 
E
O 
= O· E = o· N =Nt = 0; and <Pt/<Pn = 0 t ) ct ) n 
The depth of the neutral axis in the n-direction oecomes 
and the flexi~ility is: 
<P 
n 
M 
·n 
1 
- -:-"fA-E-( c-o-s -:--4a-+-s-i---n-:-4a-)~(-d--C-) -( d-----c-/-3-)1-
[s s .. n n:J 
E~uations 5.33 and 5.34 are the same as E~. 4.9 and 4.12. 
4. Pure Torsion (MEt/ME = -1). In this case: 
oJ n 
FromE~. 5.24aand 5.26a: 
~ 2 i 
C = C = (2nA) + 2nA h t n s s 
and from Eqo 5.25a or 5.27a 
- 2nA 
s 
<Pn <Pt 1 
Mn = Mt = AsEsDdcos2a + d' sin%)2 + (dsin2a+ d' cos2a:?- 4c
n
h!3 + 2C;!3 J 
(5.36) 
Equations 5.35 and 5.36 are the same as Eq. 4.61' and 4.63 
presented in Ref. (7). 
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The conditions at yielding can be input in Ego 5.24a through 
5027a by considering that the strain in the reinforcement in the 
x-direction or in the y-direction, .according to the orientation of the 
x-y sy·stem of axeS-wi th respect to the ax:es of principal moments', n-t" 
reach the yield strain . 
. Here again" for underreihforce.d" sections, three cases are 
. possible: 
(1) Only one layer of reinforcement reaches the yield strain. 
(2) Both layers reach the' yield strain at the same time. 
(3) Both layers reach the yield strain at different times. 
The procedure to solve these three different cases is similar 
to that explained in Section4.lb. 
(c) Ultimate 
The ultimate moment capacity can be calculated using ·the 
expression 
where 
.M = NO d +·N d f - O. 4F ·k d 
un nu 'nu nu'u 
NO = component force. in the n-direction due to the top 
nu 
reinforcement at ultimate 
N .= compone4t force·in the n-direction due to the bottom 
nu 
reinforcement· at ultimate 
and 
F .= concrete. force in the n-direction at ultimate 
nu 
k d = 
u 
NO + N 
nu' nu 
f 
cu 
(5.38) 
54 
The curvature at ultimate can be estimated as: 
0.004 
k d 
u 
(d) Comparison of Calculated and Measured Quantities 
In the following J a ~uantitative evaluation of the effects of 
the reinforcement orientation on the load-deformation characteristics 
of slab elements subjected to combined bending and torsion is presented. 
There were two series of specimens subjected to combined 
bending and torsion. The first series (specimens B26 through B33) con-
sisted of specimens isotropicallyreinforced (B26 through B29) and non-
isotropically reinforced (B30through' B33). These specimens were 
subjected to a combination of Mt ' /~ d' ,= 0.45, as shown in , orSlon --ben lng 
Fig. 5.1a" so that the principal moment ratio was MEt/MEn = Ml /M2 =-0.14. ' 
The second series (specimens B34 through B40) also consisted of speci-
mens isotropically reinforced (B34 throughB37) and nonisotropically 
reinforced (B38 through B40). These specimens were subjected to a 
combination of Mt . /JfL d' = 1.25J so that the principal moment OTSlon -Den lng 
ratio was MEt/MEn = Ml /M2 = -0.450 
The behavior and strength of four of the isotropically 
reinforced specimens, two from each series, are discussed here. The 
ones from the first series are B27A * (ao = -450 ) and B28 (aO = -22.50 ). 
_ x "x
The ones from the second series are B34 (a~ = -450 ) and B3'5 (a~ = 00 ).-
The selection of these specimens has been made on the basis of the 
* B27A was a duplicate test of B27. 
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orientation of the reinforcement with the principal moment axis so that 
they can provide a good overall picture of the load-deformation 
characteristics. 
All calculated values were obtained on the basis of the 
equations derived in sections 5.1a through 5.lc and are shown with broken 
lines in the diagrams. Test ·results are shown with solid lines .. In 
addition,,· moment-curvature diagrams for all specimens tested under 
combined bending·and torsion are presented in Appendix A. 
(1) Moment-Curvature Relationship 
Table 5.1 presents the calculated and measured moment-
curvature values for all specimens of these series. It shows the results 
for all 16 specimens of both series. The results of the isotropically 
reinforced specimens are discussed in this section and those of the non-
isotropically:-reinforced specim~ns are discussed in other sections of 
---------------~ 
this chapter. 
Figure 5.4 shows. the moment-curvature relationship for speci-
men B27A. It also shows the orientation of the. reinforcement, x- and 
y-axes, the principal moment axes, .n·and t, and the graphical representa-
tion of the yield criterion for this ,case. The measured and calculated 
values are in good agreement, even though the calculated values at 
cracking. were smaller than those measured .. A modulus of rupture of 
f = 7 g was assumed for all cracking calculations. The broken lines 
r c 
at a curvature of about 470 x 10-5, in. -1) indicate reset of the loading 
equipment to carry the test results all the· way to crushing of the 
concrete. This ultimate stage was accomplished in only a few of the 
tests because the la.rge deformations involved made it difficult to 
continue loading without risking damage to the loading e~uipment. 
However J in all cases that the tests were discontinued the extent and 
the shape of the load-deflection curve were adequate to obtain a 
reliable measurement of the ultimate resisting momenta 
Figure 5.5 shows the moment-curvature relationship for speci-
men B28. The layers of reinforcement were inclined at 43.50 and 46.50 
to the major principal moment axis. Therefore) both layers of reinforce-
ment yielded at almost the same ttme. The calculated and measured 
values are in good agreement. 
Figures 5.6 and 5.7 show the calculated and measured moment-
curvature relationships for specLmens B34 and B35. Both of these 
specimens were subjected to a principal-moment ratio MEt/MEn ,= Ml /M2 = 
-0.45. In specimen B34 the layers of reinforcement were oriented at 
'110 and 790 with respect to the principal moment axis. Conse~uentlYJ 
when the layer at 11 0 from the p:rincipal rIlotrleIltaxis yielciecl the slab 
had almost reached its yield capacity. The layers of reinforcement 
in specimen B35 were oriented at 340 and 560 with respect to the 
principal moment axis. Conse~uently) when the layer of reinforcement 
at 340 yielded, the capacity of the slab was about 5.20 k-ino/ino, and 
at second yielding, or yielding of the layer at 560 from the principal 
moment axis) the capacity reached was 5.80 k-in./in. This effect is 
shown better in the, moment-steel strain relationship descrrbed in the 
following paragraph. 
(2) Moment-Steel Strain Relationship 
Calculated and measured values for strains in the reinforcement 
57 
of specimens B27A, B28, B34and B35 are shown in Fig. 5.8, 5.9, 5.10 
and 5.ll. 
In Fig. 5.8, which shows the results of specimen B27A, the 
layers 1 and·2 of reinforcement are oriented at 660 and 240 with 
respect to the axis of principal moment (see Fig. 5.4). The change in 
. stiffness of the curves at about 5 k-in./in. indicate first yielding of 
the reinforcement. .This change .is reflected by the rapid increase of 
the strains ·in the reinforcement. 
In specimen B28, . the two layers of reinforcement ·were oriented 
at 43.5° and 46.50 with respect to the principal moment axis (see 
Fig. 505). Consequently, both of these layers had about the same 
strains throughout the test and yielded at essentially ·the same load. 
Figures 5.10 and 5.11 show the calculated and measured values 
for specimens B34 and B350 The compressive strains .in layer 1 of 
specimen B34, which makes an angle of 790 with.respect to the principal 
moment axis (see Fig. 5.6) are due to the applied negative moment which 
is ·large enough to overcome the.tensile strains produced by the positive 
moment c However, once the slab yield·s under the effect of the positive 
moment, the· strains·in this layer increase .rapidly in tension. 
The results of. specimen B35 are shown in Fig. 5.11. ·As it 
was pointed out in the discussion of the moment-curvature for this 
. specimen, there is a. change of the moment-steel strain relationship at 
the first yielding. This.is shown in Fig. 5.11 where at a moment of 
5.20 k-in./in. the· strains. in layer 2 increase at a faster rate. This 
. is due to the change in stiffness produced by the yielding of the 
reinforcement in layer 1 .. All calculated and measured values of 
moment-steel strain are in good agreement as shown in the plots above 
described. 
(3) Moment-Concrete Strain Relationship 
The effect of the orientation of the reinforcement on the 
concrete strains follows directly from its effects on flexibility. 
For illustration purposes only Fig. 5.12 shows a moment-
concrete strain relationship for specimen B27A. The agreement between 
the calculated and measured values is good in this diagram as it was in 
all other moment-concrete strain relationships observed throughout the 
tests of these series. 
5.2. Nonisotropically' Reinforced Slabs (~ E 1.0) 
In.the following paragraphs, the load-deformation character-
istics of nonisotropically reinforced slabs subjected to combined 
bending and torsion is·discussedo The definition of a nonisotropically 
reinforced slab as used here has already been stated in Section 4 .. 20 
(a) Cracking 
On the basis of the statements in Section .4.2a J the cracking 
moment of nonisotropically reinforced slabs subjected to combined bend;Lng 
and torsion can be calculated on the basis of a modified modular ratio, 
nbt J which can be expressed as: 
4 CPt. 2 .. 2 . 4 ) 
n(cos 0; +. 2!l ~ S'ln o;cos Ci + Ilsln 0; 
n 
Because of the symmetry of the reinforcement, the depth of the 
neutral axis in the direction of the principal moment axis is c = h/2 
. n 
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so that the bending moment capacity at cracking is: 
and the curvature at cracking becomes 
<P 
cn 
(b) Yielding 
= 
2f 
r 
·E h 
c 
The carrying capacity, at yield of nonisotropicallY.reinforced 
slabs subjected to combined bending.and torsion can be calculated on the 
basis of the principle of least resistance as explained in Chapter 2. 
The formulation of the yield criterion will provide both the yield·line 
orientation and the yield moment capacity. 
In the following" an evaluation of the flexibility character-
istics of nonisotropically.reinforced slabs subjected to combined 
bending and torsion. is presented. The derivations . are va'lid at any' stage 
of loading between cracking· and first yielding. 
Figure 5.13 shows a nonisotropically. reinforced slab e.lement 
subjected:to combined bending and torsion which produces moments·:ME =M 
n n 
and MEt = Mt as shown. in the figure. Furthermore" it is assumed that a 
linear relationship between moment and curvature exists·at the c-racked 
sections .as shown in Fig. 5.14. 
Figure ·5.15 shows the a.ssurned strain and stress distributions 
in sections normal to the cracks. 
The component forces of the top reinforcement in. the n- and 
t-directions are: 
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o. (.2 2\)l + Int SlnO:cosO: Sln 0: - ~cos o:~ 
and the shear force is: 
Similarly, for the bottom reinforcement: 
N A. E [ ( , 4 . 4 ) . 2 2 (1 ) = _ E cos 0: + USln 0: + Et Sln O:COS a: + 11 n S S n' r-" 
Nt = AsEs[En s1n2acos 2a(1 +~) + Et (Sin4a + ~cos4a) 
+ r nt sinacosa(sin2a - ~cos2aD 
N AE ' r (2 .2) (.2 2) nt = s S slnacosaLEn cos a - ~sln 0: + Et Sln a - ~cos a 
+ r nt sinacosa(l - ~~ (5. 48) 
From equilibrium of forces in the n- and t-directions.7 and 
considering that the tensile strength of the concrete has been exceeded 
in both directions: 
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and 
From equilibrium of moments.in the n- and t-directions: 
(5.52) 
From the assumed linear distribution of strains the following 
.relationships can be found: 
C _d i 
0 n 
E = -E d-c n n 
n 
and 
c -d' 
0 ·t 
Et = -E d-c t t 
where tensile: strains are positive and compressive strains are negative. 
From :E.q. 5.43, 5.46,' 5.49 and the strain relationships, 
Eq. 5.53 and 5.54 the depth of the neutral axis in the n-direction is: 
where: 
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C _d T 4 4 Et ct-d! 2 2 Dl = (1 - dn )(cos a + ~sin a) + -- (1 - d )sin acos a(l + ~) 
-cn EO -Ct 
n 
2"/ nt . 2. 2 ) 
+ -- slnacosa( cos a - ~sln CX 
o 
E 
n 
(5.56) 
In.a similar fashion the depth of the neutral axis in the 
t-direction can be calculated fromEq. 5.44, 5.47, 5.50 and the strain 
relations, .E~. 5.53 and 5.54: 
where 
a 
E c -d f . 2 2 c -d I 4 4 
D2 - n (1 - dn )sin Ocos 0(1 + ~) + (1 - d~C )(sin CX + ~cos ex) 
Et -cn t 
Let: 
2"/ 
nt. I • 2~ 2 ) + -- slnCXcosCX,sln ex - !-lcos 0; 
Et 
A 4 . 4rv . 1 = cos a + !-lsln ~ 
A . (2 ,2, . 3 = SlnaCOSO; cos 0 - I-lsln 0) 
A . 4 4 4 = Sln ex + !-lcos 0; 
(5.60) 
From equilibrium of moments in the n-direction as expressed 
by Eq. 5.51, and making use of Eq. 5.43, 5;46) 5.59,5.60 and 5.61 the 
resulting expression is: 
(5. 64 ) 
The curvat1ire in the n-direction, is 
From Eq. 5.64 and 5.65 the flexibility of the slab in the 
n-direction, is: 
d-c r c ~dr Et Ct -d f : ,2/'nt J 
+ (-h n)(O.5 - 0.33c /h) 1(1 -' d~C ,jA, 1 +' '(1 - ) A+--' A 
, .L 'n' L 0 d-c ,2 EO 3 
'n E t 
n 'n 
(5. 66) 
In a similar fashion, the moment in the t-direction from 
. Eq. 5.~4" 5,.47" 5.52, 5. 60,,5. 62 and 5.63,. becomes: 
+ A E ~O(l s s l"n 
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The curvature in the t-direction is: 
CPt d-c t 
(5.68) 
From Eq. 5.67 and 5.68 the flexibility of the slab in the 
t-direction is: 
obtained in a similar fashion as for the case of uniaxial bending 
discussed in· Section 4,.2. 
For nonisotropically reinforced slabs subjected. to combined 
bending and torsion, these relationships are: 
2 . 2 
. wcos ?' + Sln ?' 
= 
. 2 2 WSln ?' - cos ?' 
. 4 4 Sln a + flCOS a 
4 . 4 
cos a + flsln a 
4 4 (w-l)sin?,cos?, 
= O.3(cos a + flsin'a) 2 2 
wcos ?' + sin ?' 
and 4 4 (w-l)sin/cosl = 0.3(sin ° + ~cos 0) ,.2 2 
WSln I - cos I 
Furthermore, for the amounts of reinforcement in slabs used 
in practice, the ra~ios (cn-dl)/(d-c
n
) and (ct-dl)/(d-Ct ) can be taken 
. to be between 0.10 and 0.15. 
The var~ation inflexibility calculated from Eq. 50 66 as a 
function of 0, the angle· between the main layer of reinforcement and 
. the maj or principal moment axis,. has been plotted in Fig. 5.16 for 
moment· ratios Mt/M = -0.14 and. Mt/M =. -0.45. These moment ratios are 
. n n 
applied. on slabs with p == 0.01 and p = 0.005, and ~ = 1 and I-l= 0.5. 
From Fig. 4.17 and 5.16 , it can be observed that the application of the 
negative mqnent, .Mt , increases .the flexibility of a slab element 
subjected. to an orthogonal positive moment .. This effect of. the moments 
~n and Mt can be visualized by' having an· element being "stretchedl' in 
. the longitudinal direction, the n-direction, and: IIs9.ueezed" in the 
. transverse direction, the t-direction .. This' "s9.ueezingll in· the trans-
. verse direction increases the flexibility of the element in the n-
. dire.ction. . On. the other hp,nd,. if the element is' rrstretched" in both 
directions,. the flexibility in the n-direction will decrease because 
of the physical restraint produced by the stretching in the t-direction . 
. Figure 5.17 shows the variation of the flexibility as a 
function· of 0, for moment ratios Mt/Mn = -0..14 a~d ~t/Mn = -0.45. 
These ·moment combinations have. been applied on slab elements with 
p. = 0..01, ~ = 1; p =·0..0.1, ~ = 0.25, and p. = 0~0025, ~ = 1 . 
. Figure· 5.18 shows the variations of concrete compressive 
strains in· the n-direction as a function of 0, for a moment ratio 
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Mt/M
n 
= -0,45 and amounts of reinforcement, p = 0.01, P = 0.0025, and 
ratios of ~ = 1 and ~ = 0.25. 
(c) Ultimate 
The ultimate moment capacity of nonisotropically reinforced 
concrete slabs subjected to combined bending and. torsion can be calcu-
lated on the basis of the principle of least resistance by introducing 
the components of the ultimate moment capacity of the nonisotropic 
reinforcement in direction.normal to the yield line . 
. -(d) Comparison of Calculated and Measured Quanti ties 
The effects of nonisotropy and reinforcement orientation on 
the carrying capacity of slabs subjected to combined bending and torsion 
is discussed here in conjunction with the test re.sults. 
As explained.in Section 5.1d, there were two series of 
.specimens subjected.to combined bending and torsion .. The results of 
four nonisotropically reinforced specimens, two from each series, are 
discussed here .. The two from the. first series are B32(ao = 67.5 0 ) and 
x 
B33(ao 
x 
= 00 ) and the two from the second series are B38(ao ~ 45 0 ) and 
x 
B39(ao 
x 
900 ) • 
All calculated values were obtained on the basis of the 
expressions developed in this chapter and the formulation of the yield 
criterion in Chapter 2. They are shown with broken lines in the 
diagrams. Test results are shown with solid lines. 
(1) Moment-Curvature Relationship 
Figure 5.19 shows the moment-curvature relationship for speci-
·men B32 which had the main layer of reinforcement oriented at 46.5° to 
the major principal moment axis. ~he principal unit moment is plotted 
along the vertical axis, and the curvature in the principal-moment 
direction is plotted along the horizontal axis. It is to be noted that 
in nonisotropically reinforced slabs, the nonnal to the yield line, the 
maj or .principal moment axis, and the principal curvature do not 
necessarily coincide. 
Figure 5.19 also shows the orientation of the reinforcement 
in the slab. and. the graphical representation of the yield criterion. 
Figure 5.20 presents a sequence of 12 photographs showing the 
·reinforcement and. the development of cracking in· specimen B32. Figure 
5.20a shows the reinforcement in casting position which is upside-down 
. with respect to the. test position, Fig .. 5. 20b shows· the slab in ·testing 
position,·Fig.5.20c shows· the initial cracks which form at an angle of 
about 200 with the transverse axis of the slab. The major principal 
moment acts· in a direction normal to these initial· cracks . 
. Figure 5·.20d shows the crack pattern at the yield·. load 
(Load 11). Note· that the orientation of the cracks has changed from 
. that observed in load. 6 .. The cracks tended. to parallel the transverse 
direction at the yield load .. Figure· 5.20e .shows a close-up of the 
crack orientation at the yield. load, and Fig .. 5.20f and g show the 
crack patterns at deformations· well beyond yielding .. Figure 5:.20h shows 
a side.view.of the deflections at load,22, the load at Which the test 
was discontinued. The wooden wedges· that are seen underneath the 
. loading· channels were used. to reset the equipment and continue the 
. loading without bending the hangers .. They were placed at load 16 and 
the· test was discontinued at load 22. 
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Figure 5.20j shows a close-up of the final yield line 
orientation. The measured orientation of the yield line with respect 
. 0 
to the transverse direction of the slab was -4 as shown in Table 5.1. 
The calculated value was _6°. The yield lines· were on top of the 
specimen indicating that the slab yielded under the effect of a 
pos'itive moment as defined in this report. Figure 5.20k shows the 
initial crack direction in solid crack lines and the axes of the rein-
forcement. Note that the final orientation of the yield lines tend. to 
avoid the heavier reinforcement which was placed at 67.50 from the span 
direction. Figures. 5·. 20m and 5. 20n show the top and bottom sides of 
specimen B32 after being removed from the test rig. 
The·moment-curvature relationship for specimen B33 which had 
the main layer of reinforcement oriented at 210 from the major principal 
moment axis is shown.in Fig. 5.21. This figure also ,shows the graphical 
:representation of the yield criterion, and the orientation of the 
reinforcement. 
Figure 5.22 shows the· moment-curvature relationship, the 
orientation of the reinforcement, and the graphical representation of 
the yield criterion for specimen B38. It can be observed in the graph-
ical representation of the yield. criterion that the slab yielded in the 
region of negative moment which means yield lines in the bottom side 
of the test specimen. 
Figure 5.23 includes a series of photographs of specimen B38 
showing the' reinforcement and the development of cracks. Figure 5·23a 
shows the reinforcement orientation in an upside-down position with 
respect to its final position in the test rig. Figure5.23b shows a 
detail of the transverse reinforcement at the edges of the specimen . 
. Figure 5. 23c shows the slab· in· the testing position before application 
of the load. . Figure 5.23d shows the slab at the cracking load as 
determined from the load-deflection relationship plotted during the 
test. The cracks are not visible in the photograph .. Figure·5.23e 
shows the top surface of the slab at· the· yield load and 5.23f shows 
the bottom surface. at the same load .. The' slab yielded in the negative-
·moment side as indicated. by the'yield criterion .. Figure 5.23g shows 
an end view of the slab where. the curvature at load 18, when the test 
was discontinued, can, be observed. 
Figure· 5.24 shows: the test results and calculated values of 
the moment-curvature relationship for specimen B39. It also shows the 
orientation of the reinforcement and the graphical representation· of 
theyield.criteriono 
(2) . Moment-Steel Strain: Relationship: 
~he moment-steel .strain relationships for specimensB32, B33, 
B38 and B39 are' shown· in Fig. 5.25, 5.26, 5.27 and 5,' 28. The good 
. agreement. between the calculated and measured moment-curvature relation-
ship for.' these ·.specimens as discussed. in· the· preceding paragraphs is 
reflected· in· the results of'measured and. calculated .steel strains. 
(3) . Moment-ConcreteStrain'Relationship 
The· measured relationships. between compressive concrete strain 
and the:major principal moment are shown in 'Fig.· 5.29 and 5.30 for 
'specimens B32 and B39. The calculated. curves) based on connecting the 
coordinates computed for' first cracking and .first yielding by straight 
lines, agree with.the·measuredvalues. 
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6. BEHAVIOR AND STRENGTH OF SLAB ELEMENTS SUBJECTED TO TORSION 
6.1. Isotropically Reinforced Slabs (fl=.::. 1 . .0) . 
In reinforced concrete slab elements subjected to torsion 
the applied principal moments have the same magnitude but different 
signs. 
The load-deformation characteristics at different stages of 
loading can be stated on the basis of the general e~uations for combined 
bending and torsion derived in Chapter' 5, for the particular case of: 
(6.1) 
Because .of the symmetry of loading and for equal amounts of 
reinforcement oriented in the same direction top and bottom (0 = 0 0 ), 
:the following relationships can be obtained: 
E = EO and Et = 
EO 
n t n (6.2) 
similarly 
E = EO and. E = EO SX sy sy . sx (6.3) 
Similar re18tionships can be derived for the forces in the 
concrete and reinforcement which become 
F = FO and Ft 
= FO (6.4) 
n t n 
N = NO and Nt ° (6.5) =·N n t n 
The ratio of the curvatures in· the n- and t-directions becomes: 
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CPt 
~ =-1 (6.6) 
n 
(a) Cracking 
At cracking the stress in the extreme concrete fiber in 
tension is as sumed to reach the value of the nominal modulus of rupture J 
. f . 
r 
. From EC1 .. 5.19 and 5.20 J the cracking moment in either the 
n- or t-directions becomes: 
where 
( 4 2' 2 2 .4) nt = n cos a - Sln acos a +Sln a (6.8) 
The curvature at cracking in either·the n- or t-directions 
is: 
2f 
. r 
<P cn = cP c t -. E . h 
c 
/,_ \ "'To.! _, .:I.! __ _ 
'.U) ~ .l.t:.l.U.Lug 
(6.9) 
From Eq. 5.35 the depth of the neutral axis at yielding is: 
(6.10) 
The: moment capacity at yielding can be computed. by evaluating 
the forces in the top and bottom· reinforcement and in· the concrete at 
the time that the tension reinforcement reaches the yield strain 
(Fig. 5. 2c). 
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M = NOd + F c /3 + N d f 
n n n n n 
(6.11) 
similarly 
(6.12) 
The flexibility of the slab element at any stage between 
cracking and first yielding is: 
cp 
n 
M 
n 
= IjA E l(dCOS 20: + 'd I Sin20:) 2+ (dsin 20: + d I cos 20:)2 -4c h/3+ 2c 2/3l 
s sL n n j 
(6013) 
The results of Eqo 6013 have been plotted in Fig. 6.1 for 
amounts of reinforcement As/h = 0.01 and As/h = 0.005. As·in the cases 
shown before for uniaxial bending and combined bending and torsion, the 
flexibility of an isotropically reinforced slab element subjected to 
torsion: is a maximum when the angle between the reinforcement and the 
principal moment axis is 450 •. From Fig. 4.3 and 6.1 it can.be concluded 
that for a = 00 or a.= 900,. the flexibility of a comparable slab 
element is the same regardless of the applied moment, and also the fact 
. that for an· increasing value of the orientation of the reinforcement, 
a, between 0° and 900 the flexibility of a slab element subjected to 
torsion is larger than that of a slab element subjected to·uniaxial 
bending. 
( c ) . Ultimate 
The ultimate moment capacity can be calculated using the 
expressions: 
M = M = NO d + N d T - 0.4F k d 
un ut nu nu nu u (6.14 ) 
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The curvature at ultimate· can be estimated from 
= 
0.004 
k d 
u 
(6.15) 
The notation used above has been explained in Section 5.1c. 
Cd) Comparison of Calculated and Measured Quantities 
This section presents a quantitative. evaluation of the effect 
of. the orientation of the reinforcement with respect to the· principal 
moment axis on the load-deformation characteristics of isotropically 
reinforced concrete slabs subjected to pure· torsion. 
The tests results of three typical spec.imens (B15, 0,0 = -45°)} 
x 
B16, (a~ = 90-0 ) and B17 (a~ = ~22 .. 50),. will be described in terms of 
relationship-sbetween moment~curvature, moment-steel strains} and 
o 
moment-concrete strains .. It is to be·noted that the angles; ax' have 
·been measured from the longitudinal direction of the specimen and are 
positive in the counterclockwise direction .. On this basis, the orienta-
tion of the reinforcement with respect to the principal moment axis· is 
. All calculated values are based on· the equations derived' in 
Chapter' 5 as applied.to·the particular case of pure torsion· and are 
shown with broken· lines in the diagrams .. Test results are shown with 
solid lines .. In addition, moment-curvature diagrams for all .specimens 
subjected. to torsional moment are presented in Appendix A. 
(1) Moment-Curvature Relationship 
Table 6.1 presents the calculated and measured moment-
curvature values for all specimens sUbj ected to pure torsion.. There 
were a total of nine specimens tested in this series. Seven of them 
were isotropically reinforced in both the top and "bottom sides, B14 
through B20, and the remaining two were nonisotropically reinforced 
with a ratio I.l. == 0.25 and equal amounts of nonisotropy in top and 
bottom. The heavier and weaker layers of reinforcement were similarly 
oriented in the top and bottom. 
This section describes the results of the isotropically 
reinforced specimens .. The results of the tests on the nonisotropically 
reinforced. specimens are discussed in other sections of this chapter. 
The moment-curvature relationship for specimen B15, which 
had the reinforcement oriented in the direction of the principal 
moment axes, is shown in Fig. 6.2 ... The graphical representation. of the 
yield criterion and the orientation of thereinfdrcement are also shown 
in the figure. In terms of moment curvature, the behavior of this 
specimen is similar to that of a "beam with reinforcement in the 
direction of the applied uniaxial moment. 
Figure 6.3 shows the calculated and measured values of the 
. moment-curvature relationship for specimen B16 .. The graphical repre-
sentation of the yield criterion and the orientation of the reinforce-
ment are also shown in the figure .. The shape of the moment-curvature 
diagram indicates that this specimen was nearly- rroverreinforced. II 
The ductility of the slab ""TaS limited to a smaller value than that 
obtained. in other specimens subjected to torsion. 
Figure 6.4 shows the calculated and measured values of 
moment-curvature for $pecimen B17. The graphical. representation of 
the yield. criterion and the orientation of the reinforcement are also 
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shown in Fig. 6.4. Because of the orientation of the reinforcement 
with respect to the principal moment axes, a = -67.5°, there were two 
stages of' yielding. The difference between the calculated and measured 
values between the first and second stages of yielding originates from 
the shifts in principal curvature which increase the efficiency of the 
less effective layer. This phenomenon has been discussed in para-
graph 2 of Section 4.ld. This same trend can be seen in Fig .. 4.6 which 
.$hows the results of an isotropically Teinforced slab subjected to 
unia~ial bending and with reinforcement orientations similar to those 
·in spec~en B17. 
(2) Moment-Steel Strain·Relationship 
Calculated and measured values for strains in the· reinf.orcement 
plotted. against unit principal moments for specimens. B15} B16 and B17 
are shown· in Fig. 6.5, 6.6 a~d 6.7. 
As a.lready stated} the behavior of specimen B15 is similar to 
that of a beam. under uniaxial moment. This fact·is· reflected' in the 
steel strain.measurements shown· in:Fig. 6.5. 
Figure 6.6 shows the calculated and measured values of strains 
. in the reinforcement for specimen B16 .. The orientation of layers 2 
and 3 with respect to the principal moment axes is 450 • Consequently, 
the strains in both· layers are the same. 
Figure 6.7 shows the· results for specimen B17 .. The marked 
differences of the calculated and measured strain. values' for' layer' 3 
are due·to the shifts in principal curvature as explained in paragraph· 2 
of Section'. 4.ld. 
(3) . Moment-Concrete strains 
Calculated and measured values of concrete strains plotted 
against unit principal moments for specimens B15, B16 and B17 are shown 
in Fig. 6.S, 6.9 and 6.10. 
Figure 6.8 shows the principal compressive strains on the 
bottom surface of specimen B15, and Fig. 6.9 shows the principal 
compressive strains on the top surface of specimen B16. The agreement 
between the calculated and measured values is good. 
Figure 6.10 shows the principal tensile strains in. the 
concrete on the bottom su~face of specimen B17. 
602 .. Nonisotropically Reinforced Slabs' (~ t 1.0) 
The load-deformation characteristics of nonisotropically 
reinforced slabs subjected to pure torsion can be evaluated on the 
basis of the general eQuations for combined bending and torsion derived 
in Chapter 5 as applj,.ed to the particular case of principal moments of 
the same magnitude but different signs. 
(a). Cracking 
The cracking moment of nonisotropically reinforced slabs 
subjected to pure torsion can be calculated on the basis of a modified 
modular ratiO, nt' which can be expressed as: 
r . (4 2.. 2. 4. ) 
. n t = n cos ex - 2~sinexcosex + I-lsin ex (6.16) 
The expression for the· moment capacity at cracking is~ 
M = n 7 A f ~ (d - d!) + 0.166f :s2 cn t s r --h/2-- r (6.17) 
and. the curvature at cracking: 
2f 
<'P r 
cn -E h 
c 
(b) '. Yielding 
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, (6.18) 
,The carrying capacity at yield of nonisotropically reinforced 
slabs subjected to pure. torsion can be calculated using the principle 
of least resistance as explained in Chapter 2. ' Its' flexihili ty 
characteristics can be evaluated on the basis of the expressions 
, derived, in· Chapter,' 5· for the particular case of M -Mt . . n 
The variation· of flexibility calculated from Eq .. 5.66, for 
'Mn = -Mt , as a,function of a (the angle between the main layer of 
reinforcement and the axis on which· the positive principal, moment, M , 
n 
acts) has been plotted, in Fig. 6011 and 6012. 
The moment ratio, I;'1t/Mn = -1, has been applied to slabs with 
.p = 0.01 and p = 0.005, and ~.= 1 and~, 0.5, and has been plotte~, in 
Fig. 6.11. The same moment ratio for'p = 0.01 and p = 0.0025, and 
~c=l and ~ = 0.25 has been plotted in Fig. 6 012. 
Figure 6.13 shows: the variation of concrete compressive 
strains: in the n-direction·as a function of a for amounts of reinforce-
'ment p = O.OL and p = o. 0025, and ~,= 1 and ~ = 0,. 25. 
(c) Ultimate 
The ultimate moment capacity of nonisotropically reinforced 
concrete slabs: subjected to torsion can be calculated on the basis of 
the principle of least resistance as explained.in Section 5.2c. 
(d) . Comparison of Calculated and Measured Quantities 
Two nonisotropically reinforced specimens, B21 and B22, were 
subj ected, to torsion. Both of these specimens had p == 0.01 and ~ = 0.25 
with the larger amount of reinforcement being placed in the transverse 
direction. The only difference was that the effect of the dead load 
moment in specimen B22 was taken directly by adding two extra rein-
forcing bars in the bottom of the specimen and in its longitudinal 
direction. Consequently}, in specimen B22 the applied moment was con-
sidered without including the dead load,moment effect. The: results 
of both, of these tests were satisfactory, and one of them, B22, is 
discussed here in terms of its relationships between moment-curvature, 
moment-steel strain, and moment-concrete strain. 
(1) Moment-Curvature'Relationship 
Figure 6.14 shows the calculated and measured moment-curvature 
relationships for specimen B22. The graphical representation of the 
yield criterion and the orientation of the reinforcement are also 
shown in this figure. All calculated values are based on the expres-
sions derived'in Chapters 2 and 5, as applied to the case of pure 
torsion" M == -Mto The agreement between calculated and measured 
,n 
values is good. 
(2) Moment-Steel Strain Relationship 
Figure 6.15 shows the calculated and measured steel strains 
in the transverse reinforcement. Up to the cracking load, because of 
the orientation of the reinforcing bars with respect to the principal 
moment axis, the calculated steel strains are zero. In plotting the 
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calculated curve) the variation between cracking and first yielding has 
been considered to be linear. 
(3) Moment-Concrete Strain Relationship 
Figure 6.16 shows the compressive concrete strains in the 
direction of the applied positive principal moment. The calculated 
values are based on· the results of the flexibility and depth to the 
neutral axis, as stated in other sections of this chapter. 
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7 . RESPONSE OF ISOTROPICALLY AND NONISOTROPICALLY REINFORCED 
SLAB ELEMENTS SG~CTED TO VARIOUS LOADING CONDITIONS 
7010 Introduction 
This chapter presents an over-all view of the influence of 
the amount, distribution, and orientation of the reinforcement on the 
response of isotropically and nonisotropically reinforced slab elements 
subjected to various combinations of the two principal moments. The 
load carrying capacity at yield for different amounts and orientations 
of the reinforcement is shown in graphical representations for various 
loading conditions. The influence of the reinforcement orientation and 
amount (in the two orthogonal directions) on the curvature in the 
direction of the major principal moment is also discussed. Theoretical 
and experimental trends are compared. 
7.2 .. Moment Capacity at Yield 
The carrying capacity at yield of isotropically and noniso-
tropically reinforced concrete slabs can be calculated using the 
principle of least resista'nce stated in Chapter 2. It has also been 
shown.that a graphical representation in polar coordinates of the yield 
criterion provides both the bending moment at the yield line and the 
orientation of the yield line. 
In this chapter, the envelopes of carrying capacity at yield 
in terms of the applied major principal moment, M2, as expressed by 
·E~. 2.25 are shown graphically. These plots are presented in polar 
coordinates where the polar radii represents the carrying capacity' in 
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terms of the applied major principal moment M2} and the polar angle} a} 
is the angle between the ma.in layer of reinforcement (the x-axis) and 
the direction on which the moment M2 acts (the v-axis). 
The difference between these plots and those presented in 
Chapter 2 (Fig. 2.5 through 2.10)} is that the plots in Chapter 2 
present solutions of carrying capacity and yield line orientation for 
~.particular orientation of the main layer of reinforcement ~ith the 
major principal moment axis and a given condition of applied moments. 
The plots in this chapter provide the solutions of carrying capacity for 
all orientations of the main layer of reinforcement with the major 
principal moment axis and a given condition of applied moments .. In 
other words, the plots in this chapter show the loci of the solutions 
for carrying capacity at yield obtained .in Chapter 2. 
For convenience}. the following identifications will be used: 
: Mark .. Amount of Reinforcement Reinforcement 
in x-direction, p = ·Ratio} IJ..= Py/px x 
(1) p 1.0 
(2) p 0·5 
(3) 0.5p 1.0 
(4) p 0.25 
(5) Oo25p 1.0 
·In the following discussion it is assumed that the amount of 
reinforcement does not exceed that required to have a flexural failure 
by simultaneous yielding of the steel and crushing of the concrete. 
(1) Isostatic Moment (Ml /M2 = 1.0) 
Figure 7.1 shows envelopes of maximum carrying capacity for 
slabs subjected to isostatic moment. The solution is trivial due to the 
multi-axial symmetry of the applied moment. It can be concluded from 
Fig. 701 that the maximum carrying capacity for nonisotropicallyrein-
forced slabs subjected to isostatic moment is governed by' the smaller 
amount of nonisotropic reinforcement. Tne test results shown in Table 3.1 
agree with these maximum carrying capacity envelopes. 
(2) Biaxial Bending, (0 < Ml /M2 < 1.0) 
The solutions for biaxial bending shown in 'Figa 7.2 have been 
derived for the particular case of Ml /M2 = 0.50 
Curves 1, 3 and 5 re~uire no further comment since they show 
the results for isotropically reinforced slabs. Curve 2, which shows 
the carrying capacity for p = p and ~ = 0.5, indicates that for a = 00 
x 
the capacity of the nopisotropically reinforced slab reaches that of the 
isotropically reinforced slab with Px = p. As the angle a is increased, 
the carrying capacity decreases rapidly. On the other hand, curve 4 
plotted for Px ,= p, and p. = 0025 shows that when the main layer of re-
inforcement is in the direction of the major principal moment, a = 0 0 " 
the capacity reached is smaller than that which can be provided by the 
main reinforcement. The minor principal moment, Ml , and the smaller 
amount of reinforcement" 0.25p.9 control the carrying capacity. 
At a = 90°, the major principal moment, M2, and the smaller 
amount of reinforcement, Oo25p, control the carrying capacity. 
(3 ) Uniaxial Bending .,(Ml /M2 = 0) 
Figure 703 shows the envelopes of maximum carrying capacity 
for slabs subjected to uniaxial bending. Since the minor applied 
o principal moment is Ml = 0) then for ex = 0 , both of curves 2 and 4 
develop the capacity provided by the main reinforcement. Test results 
which are also shown in the figure are in good agreement with the 
calculated values. 
(4) Combined Bending and Torsion (-1.0 < Ml /M2 < 0) 
Figures 7.4 and 7.5 show envelopes of maximum carrying ·capacity 
for slabs subjected to combinations of bending and torsion moments. Two 
of these combinations. g.i ve principal moments . M~/M2 = -0.14 and Ml /M2 
-0.45. Figure 7.4 is similar to Fig. 7.3 and ~ig. 7.5 is similar to 
Fig. 7. 20 The only difference is that in Fig. 7.4 and 7.5 the minor 
principal moment has a negative value. The( cusps in curve 4 indicate 
the change.from positive to negative yield lines. 
Figure 7.6 shows envelopes of maximum carrying capacity ·for 
slabs subjected to pure torsion. Because of the e~ual magnitude but 
different signs of the principal moments) the carrying capacity of·non-
isotropicallyreinforced slabs will in general·be governed by the weaker 
layers of reinforcement. It can be concluded that the most efficient 
way to use nonisotropic reinforcement in torsion.? as far, as strength is 
concerned, .is placing the reinforcement at 450 from the principal 
moment axes. However, it. is to be remarked that the most effective way 
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to resist torsion is by using isotropic reinforcement. Test results are 
also shown in the figure. 
Figure 7.7 shows.an overall view of the effectiveness of i80-
tropic and nonisotropic reinforcement, Px p, ~ = 1 and ~ = 0.25, in 
resisting various loading conditions. It can be seen that for Ml /M2 1 
the heavier reinforcement is practically useless since it does not 
contribute to increase the carrying capacity. Therefore J for this 
moment condition a slab with p = 0.25p and ~ = 1 is as good as a slab 
x 
with P = P and II = 0.25. For other loading conditions the contribution x 1""". 
of the nonisotropic reinforcement to the carrying capacity varies as 
shown in the figure. 
7.3; Flexibility Characteristics 
The flexibility characteristics of slabs subjected to various 
loadings are also a function of the loading conditions and the amount, 
orienta tion and nonisotropy of the rei.nforcement. However, up to the 
cracking load the slab can be considered to consist of a homogeneous 
and isotropic material, and its flexibility can be calculated on the 
basis of elastic plate theory. 
Between cracking and first yielding, the flexibility character-
istics depend primarily on the ·reinforcement. 
Figure 7.8 shows the flexibility of isotropically reinforced 
slab elements subjected to various loading conditions. This figure shows 
that the flexibility of slab elements subjected to isostatic moment) 
Ml /M2 = 1) is a constant for any orientation ex of the reinforcement. 
This reflects the multi-axial symmetry of the applied moment. 
It is also shown in Fig. 708 that the flexibility for various 
other loading conditions is a maximum when the orientation a of the 
isotropic reinforcement with respect to the major principal applied 
t . . 450 momen aXlS lS 0 It also shows that the flexibility is larger for 
a slab subjected to pure torsion, .Ml /M2 = -1, which reflects the 
"squeezingll effect produced by the minor principal moment. This effect 
has been discussed in Section502bo 
Figure 7.9 shows the flexibility characteristics of isotropic-
ally .. and nonisotropically reinforced slabs subjected to uniaxial 
bending,Ml /M2 = 00 The test results which are included in the figure 
are in good agreement with the calculated curves which are based on the 
expressions derived in, Chapter 4. 
Figures 7.10 and 7.11 show the flexibility characteristics for 
isotropically.and·nonisotropically reinforced slabs subjected to com-
bined bending,and torsion. ,Figure'7.l0 shows the results .for slabs with: 
culated curves are based on the expressions derived in Chapter 5. 
Figure 7.12 shows the flexibility characteristics of is.o-
tropically and nonisotropicallY,reinforced slabs subjected to torsion . 
. The calculated curves are based on the expressions derived in Chapter 6 
and are in good agreement with the test results. 
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80 SIT~RY 
8010 Outline of the Investigation 
The primary objective of this report is to summarize the 
information obtained on the behavior and strength of reinforced concrete 
slabs subjected to varying combinations of principal moments. The in-
vestigation has been in progress since 19650 
A total of 41 tests were carried out using circular and 
rectangular slab specimens (Figo A05 and A06)0 The main variables were: 
(a) the principal-moment ratio, Ml /M2, which covered the range 
- laO S Ml /M2 S 100, (b) the amounts of reinforcement in the two 
orthogonal directions which ranged from 100 percent to 1/4 percent, and 
(c) the orientation of the reinforcement 0 The characteristics of all 
test specimens have been summarized in Table 101. 
8020 Behavior of the. Test Specimens 
The behavior of the test specimens can be categorized in 
relation to the applied principal moments) the amounts of reinforcement 
in the two orthogonal directions, and the orientation of the reinforce-
ment with respect to the applied major principal-moment axis. Five 
different ratios of applied principal moments were realized in the 
tests~ isostatic moment (Ml /M2 = 100), which was used in conjunction 
with the circular test specimens, uniaxial moment (M1/M2 = 0), combined 
bending.and torsion (M1/M2 = -0.14 and Ml /M2 = -0.45), and pure torsion 
(M1/M2 = -100), which were used in conjunction with the rectangular 
test specimensa 
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Two types of reinforcing schemes were used~ isotropically 
reinforced slabs (slabs reinforced to have e~ual moment capacity in 
all planar directions) and nonisotropic~lly reinforced slabs which did 
not have equal moment capacity in all planar directions ... When used) the 
bottom two layers of reinforcement were the same as the top two layers. 
At cracking) the behavior of all test specimens was essentially 
the same. First cracking always occurred in planes normal to the major 
principal-moment axis. The amounts and orientation of the reinforcement 
had negligible effect in the behavior of the specimens up to cracking. 
At yielding, there was a definite influence of the applied 
principal moments) the amounts of reinforcement and the orien.tat ion of 
the reinforcement. In general, there were two stages of yielding. First 
yielding occurred.when the reinforcement in the more effective layer 
(the layer making the smaller angle with the major principal-moment 
axis) reached the yield strain, . and second yielding,? when the ·reinforce-
ment in the less effective layer reached the yield straino .In the 
.isotropically, reinforced specimens, there were locB;1 changes of crack 
orientation between first cracking and full yielding which affected 
neither the carrying capacity nor the final yield line orientation 
which was always normal to the major principal-moment axis. In non-
isotropicallY. reinforced slabs the initial crack orientation changed 
continuously from cracking to yielding and its final orientation did 
have a definite effect on the carrying capacity. 
Between cracking and first yielding, the flexibility of iso-
tropically .. and nonisotropically. reinforced slabs ..'I with MI /M2 = ·1.0 J was 
a constant which did not depend on the orientation of the reinforcement. 
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As the ratio Ml /M2 decreased) the flexibility increased and varied with 
the orientation of the reinforcement. The flexibility of isotropically 
reinforced slabs was a maximum when the reinforcement was inclined at 
450 to the major principal-moment axis (Fig. 7.8). 
In nonisotropically reinforced slabs, the variation of the 
flexibility between cracking and first yielding was also influenced by 
the applied principal moments, the amounts of reinforcement in the two 
orthogonal directions, and the crack orientation. Its maximum value also 
depended on these variables (Fig. 4018,;1 5.17 and 6.12) ... 
8.3. strength of the Test Specimens 
It was observed that, for 17underreinforced11 slabs] the unit 
moment capacity at the yield line of isotropically reinforced slabs 
depended only on the amount of reinforcement. As opposed to the defini-
tion of l!underrei.nforcedn beams, the limiting amount of reinforcement in 
an "underreinforced lt slab depends not only on the amounts of reinforce-
ment but also on the applied principal moments and the orientation of 
the reinforcement. The unit moment capacity at the yield line of i80-
tropically reinforced slabs is independent of the applied principal 
moments and the orientation of the reinforcement (Fig. 7.7) .. In non-
isotropicallyreinforced slabs, the unit moment capacity at the yield 
line depends on the applied principal moments,;l the amounts of reinforce-
ment in the two orthogonal directions, and the orientation of the 
reinforcement with respect to the major principal-moment axis (Figo 707)· 
No measurable effect of reorientation of the reinforcing bars 
at the crack was observed in any of the tests. 
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There was no measurable enhancement of moment capacity at the 
yield line as a result of biaxial compression of concrete. 
on the conditions of e~uilibril]m} .geometry and the material properties 
of concrete and steel under uniaxial stressing. The experiments· have 
confirm.ed this criterion to be ·valid over the·. complete range. of biaxial 
moments varying from pure torsion to uniaxial bending to the case of 
equal' biaxial moments for underreinforced slabs. 
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APPENDIX A 0 THE EXPERIMENTAL INVESTIGATION 
Aclo Introductory Remarks 
This appendix presents a description of the materials used) the 
characteristics of the test specimens) the test rig) instrumentation, 
and the measurements taken. It includes moment-curvature diagrams of 
all 41 tests conducted as part of the investigationo 
A.2. Materials 
(a) Cement 
Atlas brand high-early strength cement was used in all 
specimens (Type III Universal Atlas). 
-(b) Aggregates 
Wabash River sand and pea gravel were used in all specimens. 
Both aggregates have been used in the Structural Research Laboratory of 
the University of Illinois, Urbana, for many previous investigations 
and have passed_the usual specification tests. The maximum size of the 
gravel was 3/8 in. 
The origin of these aggregates is an outwash of the -Wisconsin 
glaciation. The sand consisted mainly of quartz, and the-major con-
stituents of the gravel were limestone and dolomite. 
(c) Concrete Mixes 
Mixes were designed by the trial-batch methodo Three batches 
were used in each slab, batches one and three were placed in the ends of 
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the spectffien and batch two was placed in the middle portion, which was 
the critical portion of the specimen in relation to the loadings and 
batches used in each slab. It also lists the strength characteristics 
and the age of the concrete at the time of testing. All proportions are 
in terms of dry weights. 
In Fig .. ' A.l and Ao2, the modulus of rupture a.nd the splitting 
. strength are compared with the compressive strength of concrete. The 
test re9ults for the modulus of rupture" have been taken from a previous 
investigation (11) 0 The splitting strength was fcundfrom tests on 
6 by 6-in. cylinders loaded by a compressive force on opposite generators 
of .the cylinder. St-rips of stiff fiberboard, liB-in. thick and 1/2-ino 
wide, were placed between the head of the te-st"ing mactline--·and the 
cylinder ·to distribute the load uniformly along the length of the 
spectnen.Average loading speed was·1.75 psi per secondo 
For the magnitude of compressive strength that was obtained .in 
the test specimens, the following expression was selected to represent· 
the modulus of rupture of the concrete: 
f = 7@ 
r c 
(Ao 1) 
where both stresses are expressed in psig 
The compressive strength of the concrete was determined from 
tests on 6 by.12-in. control cylinders. Figure A. 3 shows· a typical 
concrete stress-strain diagram. The" average loading speed was 35 psi 
per .second. 
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(d) Reinforcement 
Deformed reinforcing bars of 1/4 in. diameter were used in all 
------------------------41-specimens-o-~The__1einf~oxc~:m_ent_ wE:l,fL-P1Q:'_Gh~~~c:Lf~Qrn __ the _Tr_~.§:.J:l_~le_~ eel 
o 
and Supply Company in California and annealed at 1200 F for two hours by 
the Fred A. Snow Company of Chicago. 
The layers of reinforcement as used in the slab specimens were 
designated in se~uence from top to bottom of the slab in the testing 
position. Layer 1 was on top, then layer 2, and layers 3 and 4, when 
used, were in the bottom side of the slab, with layer 4 being closer to 
the bottom surface. 
For p = 0.01 the No. 2 bars in layers 1 or 4 were spaced at 
1.5 in. and those in layers 2 and 3 were spaced at1.375:"in .. : .. This 
smaller 'space 'was l).sed in ora.e-f that the moment 'capacity of-layers- 2 
and 3, which have smaller depth (d) from the compression surface, would 
. be the same as that of layers 1 and 4·. For amounts of reinforcement J 
.p = 0.005 or p = 0.0025 J the spacing of the bars was increased in 
multiples of.l.5·inc for layers 1 and 4) and 1.375 in. for layers 2 and 3. 
All reinforcing bars in the rectangular slabs were welded at 
the ends to transverse reinforcement. Tension tests on individual 
welded specimens showed that the welding did not alter the strength of 
the reinforcing bars significantly • 
. Tab1e A 0 2 lists the chara'cteristics of the reinforcing steel, 
yield stress, strain at the beginning .of strain .hardening, and strength. 
These characteristics. were determined from tensile tests using a five-in. 
gage length, carried out on a Tinius-Olsen testing machine e~uipped with 
a plotter giving the load-deformation characteristics. Additional tests 
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were made .to determine slip of the jaws of the machine on the specimen 
in order to determine the actual stress-strain relationship. 
Because of variations in yield stress of the different bundles) 
specDnens were taken of all reinforcement used in this investigation, 
and they were recorded for each particular test. Figure A. 4 shows a 
steel stress-strain diagram. 
A.3D . Description of Specimens 
Th t t f . th II· 1 If • ere were wo ypes 0 speClmens~ e Clrcu ar speClmens, 
des igna ted as :Il ell specimens} used in the isostatic-moment tests} and 
the rectangular specimens} designated as "B" specimens, used in the 
uniaxial} torsion) and the combined bending a.nd torsion tests. 
The: HeT! specimen is shown in Fig. A.5. The test area was 
within the 3-ft diameter circle. The floating supports were placed 
. along the 3-ft ... 6:-inodiametercircle) and the specimen was loaded with 
downward forces applied on the 6-ft diameter circle .. The loading area 
contained six equally. spaced slots to minimize the effect of membrane 
forces ol1.tside the test area. 
The liB" specimen is shown. in Fig.' A.6 .. The test area was 
3 ft 6 in D wide -and 4 ft 6 in. long. . The. combined .bending and tors·ion 
moment was introduced·as shown in ~ig. A.6 • 
. The actual thickness of all specimens was. measured.. The 
measured values were within 4 percent of .the· intended valUE. .Adial 
gage was· attached to a measuring fork which was provided with bubble 
levels in the· horizontal and vertical positions. The sensitivity. of 
the dial gage was 0.001 in. . The. thicknes s was. .taken as the average 
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value of 15 measurement points equally spaced and located in the test 
area. 
After each specimen was te~ted) measurements were taken of 
the depths of the different layers of reinforcement with respect to the 
concrete surface. This measurement was taken at the same points where 
the thickness of the slab had been measured . 
. Ao4. Casting and Curing 
The reinforcement was .placed in the forms after being 
instrumented with electric strain gages. The bottom layer} which would 
be defined as layer one af,ter the slab was turned over to be placed in 
the testing rig, was supported by small pieces of 'No 0 3 deformed bars 
providing a minimum cover of 3/8-ino for the reinforcement. The top 
layer~ which would be defined as layer four~ was placed on chairs which 
also provided a minimum cover of 3/8~in. for the .reinforcement on that 
layer 0 
All concrete was mixed in a nontilting drum-type mixer of six 
CUD ft capacity 0 A butter mix of one cUo ft preceded the three batches 
that 'were used in the' slab) and the total mix quantity used was about 
eleven eu 0 . ft 0 
All specimens were cast in forms with a plastic impregnated 
ply-1'lood bottomo The forms for'. the HC n specimens had steel-sheet sides 
and those for the i7:s1f specimens had plywood sides 0 Pieces of steel 
pipe 4 ino long, and 2 ino in diameter were screwed to the form in order 
to'preform holes for the loading and supporting system. These pieces of 
pipe were removed after smoothing the surface and before the concrete 
began to harden appreciably. 
To determine the compressive strength of the concrete, three 
6 by 12 in. cylinders were cast from each batch. lwo 6 qy 6in. cylinders 
were cast from each batch to determine the splitting strength. 
All concrete in the slab specimens and in the control 
cylinders. was vibrated with a high frequency internal vibrator. The top 
surface ·of the test specimens was troweled smooth and the control 
cylinders were capped with a cement paste two to four hours after casting. 
One daY'after casting,. the test specimens and all control cylinders were 
covered with· wet burlap. The' sixth day after casting} the burlap was 
removed in order to instrument the test specimens. 
A.5. Instrumentation 
(a) Electric Strain C~ges on Reinforcement 
A total of eight electric strain gages were used on the 
reinforcement of each specimen. These' gages were placed on eight 
different bars. There were two instrumented bars per layer of rein-
forcement. ,All of the gages used were Budd·Metal Film strain gages of 
, type HE-Ill} which. had a nominal gage length of 1/16 in. This type of 
gage should read up to about 4 percent strain, however} it was .found 
repeatedly that the gages were not reliable once the yield strain'was 
exceeded. 
The surface of the reinforcement bar was prepared for the 
mounting of the gage by grinding down a spot on.the bar, then this 
surface:was ,sanded using.fine emery cloth and cleaned with solutions of 
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trichloroethylene and acetone. Some gages were mounted using C-2 
epoxy and then the curing procedure was carried out for two hours in 
o 
an oven at 200 F. Other gages were mounted using Eastman 910 cement, 
and no difference was noted in the perfor.mance of the gages with 
either cementing agent. 
Once the gage was ready, the leads were soldered and taped, 
then the gages' were waterproofed with a synthetic rubber coating, 
IIGagekote No.2, If and taro 
All gages were placed within the test area and its particular 
location is indicated in the figures describing the test results. 
(b) Electric Strain Gages on Concrete 
SR-4 type AR-l-S-6, 45 0 rosette electric strain gages were 
used. Each of the three elements of the rosette-gage had a nominal 
gage length of 3/4-in. and a width of 3/8-in. . Some specimens were 
instrumented with gages on both concrete surfaces and others with 
gages on one surface only, depending upon the state of' cracki:t).g to be 
produced by the loading condition. 
The concrete surface at the locations of the gage was smoothed 
using fine sand paper, all dust was removed using compressed air, and 
then the surface was cleaned. with trichloroethylene and acetone . 
. Once the surface was dry, a thin layer of Eastman 910 cement was 
applied to the concrete surface and 6A-lA accelerator to the gage. The 
gage was then pressed against the concrete surface until all excess 
cement and air bubbles were removed. The leads were then soldered and 
the gage was moisture-proofed using Budd GW-l waterproofing compound. 
The locations of all gages are given in the figures describing 
the test results. 
(c) Mechanical Dial Gages 
The deflections of all specimens were measured using dial 
gages with a sensitivity of 0.001 in. which were placed on light steel 
bridges" In all fIB" specimens the deflections were measured in three 
directions so that a calculation of principal curvatures was possible. 
, In the lie II specimens' the deflections ~Tere measured in only two 
directions. 
There were two types of dial gage ,bridges. The larger type, 
,which was placed hanging from the specimens, had five dial gages on 
each direction, spaced 1..5 in. apart. The smaller type was an equi-
la teral triangle with th.-ree dial gages on each side' and was supported 
at the corners. The spacing of the gage points was 3 in. This, smaller 
type could be moved freely on top of the slab, at anY' stage of loading, 
to measure deflections. The larger type, however, could not be moved 
out of position once the test was started. Both dial gage bridges 
can be seen in position in Fig., A.9 and A. 10. 
A. 6. Loading and Supporting Sys tern 
,The, loading and .supporting system used, for this investigation 
had been previously designed, and constructed during the first stage of 
the research project. ' The main feature of this freely-hanging system 
,was to minimize any influence of the support and loading apparatus on 
the boundary conditions of the test .specimens. 
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(a) Loading and Supporting System of Specimens Subjected to Isostatic 
Moment 
Figures A.7 andA.8 show the loading and supporting system of 
a· flC ll specimen. The specimen was suspended from the three corners of 
an equilateral triangular frame placed on top of an 18 by 20-ina steel 
box beam, Figa Aa7. Three lever arms distributed the supporting 
forces to six steel inverted U=shape blocks placed in a circle of 
3-ft 6-in. diameter. . The blocks were 3-ina high, 3 in. wide, and 
15 in .. long and formed a hexagonal support around the test area. ·A 
one-ino thick rubber layer was placed between the supports and the 
concrete to distribute the reaction uniformly. 
Loading of the specimen was carried out using the sam~ type 
of U-shape blocks described above a The length of these blocks was 
20 in. Six blocks'were placed on the loading wings along a 6-ft 
diameter circle and loaded in pairs by means of three steel beams, 
which transferred the loading from three hydraulic center-hole rams 
of 30-ton capacity connected to one electric pump. 
All steel rods used in the supporting and loading devices 
were 5/8-ina diameter high~strength Stressteel rods .. Both ends of 
these rods were hinged by means of a spherical washer and a spherical 
seato The 36 hinges insured an even distribution of the applied 
moment regardless of the deformation of the test specimen. 
Loading and Supporting System of Specimens Subjected to Combined 
Bending and Torsion 
Figures A.9 andA.10 illustrate the system useda The speci-
mens were suspended from an 18 by 20=in. steel box beam by two high-
strength Stressteel rods of 5/8-in. diameter a Two lever arms distributed 
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the supporting forces to four supports 20 in. long, of the same 
characteristics as those described on part (a), which were placed 
under the test specimen. 
'The load to the specimen was transmitted by means of two 
channels 5 by 1-3(4 in.· (6.7 lb/ft) which were clamped to either end 
'. by three 1. O-in .. diameter bolts. A hard . layer of rubber was placed 
between. the channels and the test specimen .. The loading rod was then 
placed through the channels and a· preformed hole in the test specimen 
and connected to the loading jack . 
. Because of the problems encountered When large deflections 
took place and the difficulty to load specimens to failure,. the bottom 
loading channel at either end of the test specimen was eliminated after 
·the first·three specimens; and the loading channel.was bolted to the 
slab· securely at three points closely spaced giving this the same 
degree of restraint as the original setup . 
. All loading and supporting rods were hinged at both ends . 
. There were a total of 16 hinges which insured an even distribution 
of' the applied moments. 
. (c) Load Measurements 
The loads were measured.by means of 30,OOO-lb. capacity ring 
. dynamometers' made for this investigation. The dynamometers were 
placed. between the jacks and. the loading frame constructed of heavy 
.' 1-10 steel. beams. The dynamometers consisted of a ring·4-in. in 
diameter of T-l steel located between steel plates. The cross section 
of' the T-l .steel ring was 0.6-in .. in the radial direction, and the 
height waS" 0.825 in. The ring rested on three ·3/4-in.· steel balls 
\ 
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o located between the ring and the plates, 120 apart. Under loading" 
thxee other 3/4-in. steel balls located between the supporting balls 
subjected the steel ring to bending and torsion. The strains were 
registered by eight SR-4 Type A-7 gages evenly distributed around the 
ring. The strain gages were connected in a four-arm bridge system to 
a Baldwin strain indicator. The calibration of the dynamometers was 
in the order of 4 lb per division of the strain indicator. However, 
the calibration was not perfectly linear especially in the· initial. range 
of 0 to 5000 lb. Therefore, the actual calibration curves were used to 
convert strain indicator readings into loads. Periodic recalibration 
of the dynamometers were made, but no Significant changes were 
observed. 
A.7. Test Procedure 
The yield load was reached between 8 to 12 loading increments, 
and the crushing of the concrete at the ultimate load, when reached) 
took from 18 to 20 loading increments. Only in a few tests was 
crushing of the concrete in compression reached. The other tests were 
discontinued at a large deflection when further loading presented 
serious' reset problems and possible damage of the loading equipment. 
Cracking was usually reached in about five load increments. 
Up to yielding" the criterion was to apply equal load increments and, 
subsequent to yielding, equal deflection increments. 
·After each load. increment, the dynamometer readings were 
taken, the bending and torsion lever arms 'were checked and their 
corresponding angle changes were read. Deflections were read and the 
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concrete and steel readings were taken. Once all readings 'were recorded, 
. the load in the dynq.mometerswas checked and a new load increment 
applied. 
Each test took three to four men working from 6 to 9 hours. 
" , , 
"n.LL control cylinders were tested concurrently with the yielding of the 
slabs or at the conclusion of ·the test . 
. A. 8. . Moment-Curvature Diagrams 
This section presents moment-curvature diagrams .for the 41 
·tests carried out as part of the ·experimental.investigation. ·Table 1.1 
describes the characteristics of all 41 test specimens. 
·Figure A.ll.shows. moment-curvature diagrams for all six 
.specimens .-subjected ·to isostatic moment . 
. Figure' A .·12 shows moment-curvature diagrams ·for all 10 
specimens. subjected to uniaxial.bending and ·Fig. A .. 13 the diagrams" for 
all 9 .specimenssubjected .to pure torsion. 
Figures:A .. 14· and A.15 show . .the .moment-curvature diagrams 'for 
all specimens ·s·:ubj ected . to combined bending and torsion. . Figure A .. 14 
shows. the diagrams 'for all. 9 .specimenssubj ected to M1/M2 = -0. 14 and 
Fig. A •. 15 the diagrams for all 7 specimens subjected to Ml /M2 = -0 .. 45. 
103 
APPENDIX B. DEFINITIONS 'AND NOTATION 
B.l. Definitions 
Isostatic Moment, denotes equal moment in all planar 
directions. 
Layer of reinforcement, indicates the reinforcing bars in one 
level and one direction. 
Longitudinal or span direction, denotes the direction of the 
longer axis of the rectangular test specimens. 
Transverse direction,' denotes the direction of the shorter 
axis of the rectangular test specimens. 
, Isotropically reinforced, slab, is a slab that has equal 
moment capacity in,allplanar directions. 
'NonisotropicallY reinforced ~lab, is a slab that has different 
moment capac'i ties in different directions. 
First yield, stage of loading at which the reinforcement in 
the more effective layer (the l~yer that makes the smaller angle with 
the direction of the major principa+.-moment axis) reaches the'yield 
strain-. -. 
Second yield, stage of loading at which the reinforcement in 
the less effective layer reaches the yield ,strain. 
B.2. Notations 
Notations which are defined in the text may not be'included 
in this list. 
·A sy 
B 
.B·:4, B 5 •.•• etc. 
....... 
c 
·n 
d 
d f 
deg. 
: Dl ,D2 
'. E 
;c 
'. E' 
c 
E 
.S 
f' 
c 
f 
cu 
. f' 
'J? 
f 
.r 
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= constants defined in the text 
== area of reinforcement per unit width in.isotropically 
reinforced· slabs, or in· the x .... direct.ion ·of non1so-
tropically, reinforced. slabs 
== area of reinforcement .per. unit width in· -the x-direction 
= area of reinforcement per' unit width. in· the y-direction 
.= constant defined, in the text 
. - designation of rectangular tes~ specimens 
. == distance from the extreme. compression flber.· to the 
. neutral axis in a cross section normal to .the 
n-direction 
= distance from. the extreme. compression fiber. to the 
· neutral axis' in a eros s section normal' to the 
t-direction 
= constants defined in the text 
=des·ignation. of circular test' specimens 
distance from the. extreme c:ompression· fiber' to the 
· centroid of the tension· reinforcement 
= concrete cover plus one-half reinforcing "bar . 
· diameter 
= degrees 
= constants. defined. in· the text 
-' ·modulus of' ela;stici.~y.of concrete' 
= .effective . modulus of elasticity of concrete for 
V -l 0 
= . modulus of elasticity of ·steel· 
= . compressive· 7-day.cylinder strength of concrete 
. (6 by 1.2. in. ) 
:: ave·rage. concrete ccmpres.sivestress at· ultimate 
compressive pri.sm· strength of concrete (20 by .20 'by 
. 5 ·em. ) 
= nominal modulus of'rupture of concrete 
fl 
t 
f! 
S 
f 
su 
f 
Y 
F 
n 
G 
h 
k d 
·U 
K 
n 
L 
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= split-cylinder strength of concrete (6 by 6 ina) 
tensile strength of the reinforcement 
stress in the reinforcement at ultimate 
yield stress of the reinforcement 
resultant bottom concrete force per unit width in 
the n-direction 
= resultant top concrete force per unit width in the 
n-direction 
= resultant bottom concrete force per unit width in 
the t-direction 
= resultant top concrete force per unit width in the 
t-direction 
= resultant top concrete force per unit width at 
ultimate in the n-direction 
= shear modulus of concrete 
= height of a cross section 
= distance from the extreme compressive fiber to the 
resultant concrete force 
::::: depth of the neutral axis at ultimate 
= stiffness of a reinforced concrete slab in the 
n-direction 
= stiffness of a reinforced concrete slab in the 
. t-direction 
= length 
= applied minor principal unit moment 
= applied major principal unit moment 
= resisting unit cracking moment in the n-direction 
= resisting unit cracking moment in the t-direction 
= resisting unit yield moment in. the n-direction 
= resisting unit yield moment in· the t-direction 
M 
un 
M t u 
M 
.n 
M 
x 
M 
.y 
ME 
n 
ME 
nt 
.n 
. n'. 
·nt 
n' t 
n 
u 
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::::resisting unit ultimate moment· in· the n-direction 
:::: 
resisting unit ultimate moment in the t-direction 
resisting unit moment in the n-direction 
resisting unit twisting' moment in a cross section 
normal to the n-axis 
resisting unit moment in the x-direction 
resisting unit moment in the y-direction 
:::: bending moment component of Ml and M2 in the 
n=direction 
:::: bending moment component of Ml and ~ in the 
t-direction 
:::: twisting moment component of Ml and M2 'in sections 
normal tb the n~direction 
:::: ·modular ratio, also axis: normal. to the yield line J 
and in flexibility calculations axi$ nonnalto the 
initial crack 
= modular ratio for' Poisson's ratio, V ~ 0 
= modified modular ratio for isotropically reinforced 
slabs' subjected to biaxial bending 
:::: modified modular ratio for nonisotropica'lly 
reinforced slabs subjected. to biaxial bending 
= modified modular ratio for' isotropically- reinforced 
slabs subj ected to combined bending and torsion 
:::: modified modular ratio for nonisotropically 
reinforced· slabs' subjected to, combined.bending 
and torsion 
:::: modified modular ratio for isotropically· reinforced 
slabs subjected. to pure torsion 
= modified modular ratio fornonisotropically reinforced 
slabs subjected. to pure torsion 
= modified.modular ratio 'for isotropically reinforced 
. slabs subjected to uniaxial bending 
n T 
u 
N 
n 
107 
= modified modular ratio for nonisotropically reinforced. 
slabs subjected to uniaxial bending 
= .resultant force per unit width of the bottom 
reinforcement in the n-direction 
= resultantforce--per--unit--w±dthofthetop-reinforce-
ment in the n-direction 
= resultant force per unit widtp' of the' bottom 
reinforcement in the t-direction 
= resulta.nt force per unit width of the top rein-
.forcement in the t-direction 
resultant shear' force per unit 'width' of-. the.bottom 
reinforcement in. a cross 'Section normal to. ·the 
n..,di:rection 
= resultant shear force per unit width of the top· 
reinforcement" in a cross sectIon normal to the 
n-directibn 
= . component force per unit width of the top 
x-reinforcement in the n-direction 
NO = .component force per uni t wid~h of the 'top 
~ - -. - -"-"'---. _.-Y-O--.-.. ~-- -'--y-;;;;r-e-i-rrfo:rc-ement-i-tC tlle -n: ;;-dJ:re-c-ti-bff'-'- _._._. - -, -. - - ,- ~---. -_. 
'N 
nu 
Px 
~y 
t· 
u 
v 
= resultant . ultimate . force per unit width of the top 
reinforcement in the n-direction. 
= resultant ultimate force per unit width. of the 
bottom reinforcemerit in the n-direction 
= amount of steel per unit width in one layer of 
reinforcement in ~n isotropically reinforced sla.b, 
or in the x-direction of a no~isotropically 
reinforced slab 
= amount' of nonisotropic reinforcement per unit width 
in the x-direction 
= . amount of nonisotropic reinforcement per unit width 
in the ,y-direction 
= direction of a .'Yield line 
= axis of'the applied minor pri.ncipal moment 
- . axis of the applied' major principal moment 
x 
y 
o 
a 
o 
a 
x. 
.rnt 
0 
rnt 
E 
cn 
EO 
en 
Ect 
·0 
Ect 
Esh 
E 
sn 
EO 
sn 
E . 
st 
EO 
st 
. - E 
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= 
EO 
n. 
= Et 
= 
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= .axis of the reinforcement 
= axis of the reinforcement 
= angle between the top reinforcement in the 
x-direction and the v-axis 
= angle .between the· bottom·re.inforcement. in· the 
x-direction.and the v-axis. For symmetrically 
oriented reinforcement in top and bottom,o = aO 
= angle between the top reinforcement in the x-direction 
and the span direc~iori of the rectangular test 
specimens· 
= angle of the reinforcement in the x-direction 
and' the u-axis 
= angle between the yield line and the axis normal 
to the governing principal moment 
= 
= 
= 
= 
shear strain on· the extreme'concrete fiber in 
cross' sections normal to the'n-axis 
shear' strain at the level of the top reinforc·ement 
'in cross sections· normal to the n-axis 
concrete strain in the extreme bottom fiber in the 
n-direction 
concrete strain ih the extreme top fiber in the' 
. n-direction 
concrete stra"in· in the· extreme .·bottom. fiber in the 
t-direction 
= cGncrete strain. in the·extreme·top fiber 'in the 
t ... direction . 
= steel strain at the beginnin~ of strain hardening 
= . steel. strain at' the level of the bottom· reinforce-
. ment in· the n·direction 
= .steel strain.at the level of the top reinforcement 
in ·t.he· n':'direct.ion 
= steel strain at the level of the bottom reinforcement 
in:the t ... direction 
= steel· strain at' the level of the top reinforcement 
in· the.: t .. direction· 
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::: steel strain at the level of the bottom reinforce-
ment in the x-direction 
== steel strain at the level of the top reinforcement 
in the x-direction 
= steel strain at the level of the bottom reinforce-
·ment in the y-direction 
= . steel strain at the level of the top reinforcement 
in the y-direction 
::: strain in the reinforcement at ultimate 
= yield strain of the reinforcement 
= limiting compressive strain in the concrete 
= ratio of resisting moments in the y- and x-directions 
= angle between the. major-principal moment direction 
and the transverse direction of the rectangular 
test specimens 
= ratio between the amounts of reinforcement per unit 
width in the y- and x-directions 
= Poisson 1.S ratio 
= concrete stress· in the extreme. bottom fiber in the 
n-direction 
= concrete stress in· the extreme top fiber in the 
n-direction 
concrete stress in the extreme bottom· fiber in 
the ·t-direction 
= concrete stress in the extreme top fiber in the 
t-direction 
::: shearing concrete stress in sections normal to the 
n-axis 
= curvature at cracking in the n-direction 
= curvature at cracking in the t-direction 
curvature at yield in the ·n-direction 
::: curvature at yield in the t-direction 
q, 
un 
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= curvature at ultimate in the.n-direction 
= curvature at ultimate in the t ... direction 
= curva.ture in the n-direction, and in flexibility 
calculations in the direction of the major 
principal-moment axis 
curvature in the t~direction, and in flexibility 
calculations in the direction of the minor principal-
. moment ·axis 
= ratio of principal moments 
constant defined in the text 
il. _ 
" . 
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TABLE 1.1 
S~Y OF THE E~ERIHEHTAL INVESTIGATION 
Concrete YIeld StrElss Amount Re I nforClilment 
Strength of Re (nforce- of Or Il!ntat Ion 
App 1 led Type of 6 ,by 12-ln. ment Re Inforcement 
I"toment R\!! Inforcement Mark Cyl1 nditr 
f~,psI fy,psl a~ ,deg.. 0 p p ay,deg. )( y 
, CI ooTn- 31),U1}Ct 0.01 0.01 0 90 
C2 4580 50,000 0.01 0.01 a 90 
IsostatIc C3 2700 50,000 0.01 0.01 0 90 
Isotropic 
Mj/NZ ... 1 C23 5960 50, 000 0.005 0.005 0 90 C24 5120 50,000 0.005 0.005 0 90 
C25 4310 50,000 0.005 0.005 a 90 
B4 4740 50,000 0.01 0.01 
° 
90 
B5 4850 50,000 0.01 0.01 -45 4S 
B6 , 4890 50,000 0.01 0.01 67.5 -22.5 
Uniaxial Isotropic ./ B 7 5150 50,000 0.01 0.01 -45 45 
B8 3700 50,000 0.01 0.01 -22.5 67.5 
1-1/1'1 2 '" ~ 810 1~920 ,0,000 0.01 0.01 90 0 813 4240 47,900 0.01 0.01 go a 
B9 3820 50,000 0.01 0.005 45 -45 
N~m lsotrop j c ./ B 11 4800 50,000 0.01 O.OOS -22.5 67.5 
'" B12 5170 47,600 0.01 ' 0.005 67.5 -n.5 
BI4 6040 47,900 0.01 0.01 90 0 
815 5260 47,goo 0.01 0.01 .45 45 
BI6 4730 48 ,300 0.01 Cl.Ol 90 a 
Pure Isotropic 817 5530 50,800 0.01 0.01 -22.S 67.5 
Torsion BI8 5040 56,100 0.01 0.01 -45 45 
BI9 5350 52, t 00 0.01 0.01 -45' 45 
MIll'll'" -I 
B20 5490 51.BOO 0.01 0.01 go 0 
Non 1 sotrop I c 821 5180 47,800 0.01 0.0025 90 0 822 51+60 53,800 0.01 0.0025 90 0 
Comb lned 826 4210 45,200 0.01 0.01 go a 
Bending Isotropic v 827 5350 45,200 0.01 0.01 -45 45 
and ,/ B27A+ 5230 49,900 0.01 0,01 -45 45 
Torsion 828 5620 47,600 0.01 0.01 -22.5 67.5 
Hl/H2 - -0.14 829 6010 47,600 0.005 0.005 90 
0, 
B30 5570 44,800 0.01 0.0025 90. 0 
831 5600 44,800 0.01 0.0025 -45 45 
Honisotropic 832 5500 55,900 0.01 0.0025 67.5 -22.5 
'/833 4930 45 900 0.01 0.0025 0 go 
834 SlS0 52,000 0,01 0.01 -45 45 
CombIned B35 4600 54,000 0.01 0.01 a 90 
I!endlng Isotrop I c 836 5430 52,000 0.01 0.01 -22.5 67.5 
and 8.37 5150 54,000 0.005 0.005 -45 45 
TorsIon 
~/M2 .. -0.45 838 5ncr 5J,TOO 0.01 0.0025 45 -45 Non Isotrop I c B'39 5340 ' 51,300 0.01 0.0025 90 0 
840 5090 49,000 0.01 0.0025 -45 45 
+Oenotu !h.l llcate Tellt p elmen 
I t~ .... 
UI t:: 
c: m .... . ~ 
l. :3' c 
..I' ~J ~ l. u1 f :s l til ." ...... ......... U 
~ ... I::-f VI C I-C~- 0 
.ll l. -a III .... 0 
\) ~~:: ~IIIC c-:c l1li - .... ())( ;... - .... III " t- t..)\D U >-0 IDCIDC 
h,ln. f~.psr fy"Psl p 
CI 4.12 6610 50.000 O.ot 
C2 4.12 4510 50.000 0.01 
C] 4.12 2700 50,000 0.01 
e23 4.20 5960 50.000 O.OOS 
(24 4.10 5120 50.000 o.oos 
C25 4.20 4310 50.000 0.005 
TABLE 3.1 
TEST RESULTS FOR CIRCULAR SPECIMENS 
Measured 
Cracking Yield Ultimate Cracking 
III III !O l- I- :; :J :J 
.... .... 4.1 ... .... .... ..... 
C .. t:: III t:: C III 
~ > ! '> 1 ~ > I.. I.. I.. :J ::I :J x U u JC u 
k-In.! In. 105 lin. k-In'.! in. 105/ in. k-in.!ln k-in./in. 105/ in. 
1.45 It 5.60 BO 5.75 I.B7 7 
L46 6 5.60 BO 6.10 1.58 6 
1.36 6 5.50 7S 5.130 1.10 5 
1.40 9 2.95 60 3.20 1.55 7 
t.33 6 2.94 60 3.27 1.44 6 
1.'19 6 1.96 60 3.38 1.33 6 
Calculated 
Yield Ultimate 
III 
~ 
.... 
'"" 
.... I:: til t:: 
~ > ~ f.. ::J u JC 
k-in./ln. lOS/in. k-in./in. 
5.41 70 5.71 
5.37 7S 5.BS 
5.30 75 5.50 
2.93 60 3.35 . 
2.92 60 3.28 
2.91 60 3.20 
~_. L-...... _________________ 
Measured 
Calculated 
III 
.... it "01:: 
~J ~j 
1,03 1.01 
1.04 1.04 
1.01; 1.05 
1.01 0.96 
1.01 1.00 
1.02 1.06 
L...... ___ ._.~ __ 
-----
I 
I--' 
I-' 
I\) 
TABLE 4.1 
TEST RESULTS FOR.RECTANGULAR SPECIMENS SUBJECTED TO UNIAXIAL BENDING 
..cL Measured Calculated ~-S .... Crlu;k Inq Yield UI t imate Cracking Yield e e 0 
111- ..... ..... ..... -~ c III L- ... C e c 
~ ..... >- :: ~ III ~ :5 III 0 cno III III c·- Il! ~J I.. III (I) til- L I.. .- ..... L. L 
-" 
GJ • ..... 0 U U ..... :::J :::J -'10 :l :::J 
I 
.:tl U ..... C cnl.. I.. 0 L iii ..... ..... ..... ..... ..... ..... ..... ..... ... ..., 
'- :c II! .- 0 0- 0 ... e 011 C III C "t:I e c: f\l C III iii L -U .... .......... .... C ! > ~ > ~ - III ~ > QJ ;.-1C .- UN - e e 111 C III L. L. V·- L. E. L. e_ li- .:- a: :::J :::J .- '- .:J 0 :::; o )( .- 01) Il Il L U x: u x: >-0 ~ LJ :r: LJ 
U~ >om:: &1C ..::0 
h.ln. f~.psl fy,p!ii Pv1px a~.deg k-in./In. 105/ ln • k-In.!in. 105 lin. k-In./ih. -r,deg. k-inl in. 105/ in . k-in.lin. 105: in. 
114 4.15 4740 50,000 0.01 0 1.40 7 5.60 75 5.85 . 0 1.50 7 5.39 70 0.01 
85° 4.12 4850 50,000 0.01 -45· 1.50 9 5.32 130 5.320 0 l.hO '7 5.54 135 o.or 
86+ 4.12 4890 50,000 0.01 67.5 1.65 10 5.30 130 5.57+ 0 1.42 7 5.10 150 o.or 
87 4.14 5150 50,000 0.01 -45 1.67 10 5.60 140 5.85 0 L53 9 5.62 ) 70 o.or 
B8 4.18 3700 50,000 0.01 -22.5 1.42 7 5.00 90 6.08 0 1.29 6 4.76 80 o.or 
89 4.23 3820 50,000 0 • .QQ5 o:or 45 Llt.7 9 3.90 )20 4.45 -17 1.34 6 3.90 120 
Bl0 4.14 4920 50,000 0.01 90 1.36 8 5.55 . 90 6.10 0 1.53 7 5.48 80 o:or 
B11 4.12 4800 50,000 o.~ o.or -22.5 1.43 5 4.50 100 5.35 19· 1.46 6 4.65 80 
BI2 4.12 5170 47,600 O.OOS 67.5 1.30 7 2.BO 80 3.82 -10 1.46 6 7..80 ·85 o.or 
B13 4.01 4240 47.900 0.01 90 1.66 8 5.20 80 5.96 0 1.50 .6 4.93 75 o.m 
-IcPos It Ive Values Are J'leasured Counterc:lockwlse From The Transverse Direct Ion 
Ultimate 
.... 
c: 
~ 
x: 
k-in/ln. 
5.68 
5.65 
5.73 
5.76 
5.88 
4.23 
5.88 
5.08 
3.75 
5.70 
Measured 
Calculated 
{; c: 
<II 0 
C .-
.- ... \1,1 III 
-' m . .... ... 
... .... ~~ C "0 c: -U c: V 
- III 
-.0 g ~~ § Q.l.-.- ... .- 0 
>. 0 >- x: :::.x: u 
-f .deg. 
0 1.04 1.03 
0 0.96 0.94 08cmd Fai lure I 
0 1.04 0.97 +~atrtlal I Fg9~2re I 
0 ! .00 1.02 
0_ 1.05 1.03 
-18 1.00 1.05 
0 1.01 1.04 
17 0.97 1.05 
-II 1.00 1.02 
Q 1.05 1.05 
----~--j-
-'-
i-' 
i--' 
\.N 
I., 
.s:~i Cracking 
.. r:: .... 
-, 0 .... .... c C c-, c c 
.. III >. 
: I I 0 ,2 i ~ ~~ 111- 3~ ~~ Uo. .JIf C :s: ~~ .>C U ~--; ~ ~ :c .... .... ..... J ClN ... C C c- ::l r j~. ';5 ... II II . .. -IIC IIC « ,. >- .... 
~ .:: 
, 
h,I ... f~,p!;1 'y,pSlI pipx a:.deg. 1t-ln./I" 105 !In. 
Uti 
'" .06 "'ll CI It5 ,200 
o_.-,,~ 
iDrr 90 1.56 -
1127 ".06 SJ51l1 "5,200 ~ o.or :"45 L'tIt 9 
U7A'" . "'.016 52301 At9 .900 ()-,'U.. o.or -45 1.77 8 
lull "'.DIII 56201 "7.&co ~ o.or -22.5 1.48 9 
Ill! ".011 6010 '+7,&00 ~ 90 1.47 9 
1U0 4.00 5570, 1M.800 ~ 90 1.40 9 
lUI %.00 5600 ".800 ~. 
.0 ..JtS 1.20' 12 
BU 4.10 sseo SS,9oo ~ 67.5 1.42 10 
-
111]) .... 7 1;9)0 Its ,900 O:ff,2S 0 1.8S 10 
IU4 At.OS 5150 52,000 ~ • ..Q!. 1f:1rr ....It5 1.80 II 
IJJ ~.12 "'00 54,000 O_,,-IJ.! o.m- 0 1.75 10 
8)6 4.Oft 54JO 52,000 1),-0.1. lr.Of -22.5 1.52 J I 
OJ] 4.1J 5150 54,000 ~ -45 1.40 12 
101 ~.OS 5130 53.100 Q..~ 0':'51 4S I. It{; 12 
1139 At.07 5340 51,300 ~ 90 1.5\ 9 
1140 .It. OS 50090 ~9,OOO ~ -45 1.'+0 1\ 
Measured 
TABL£ 5.1 
TEST RESULTS FOO RECTANGULAR SPECIMENS 
SUBJECTED TO C~INlED BENDING AND TORSION 
e 
Yia Id UltImate 2 Cracking 
..., 
III 
c 
.! 
.... 
0 
.. 
1 c c j -' ~ -a x: 
.!! 
>-
k-In.!1,... lOS lin. k-In./in ....deg. k-in./in 105/in. 
4.90 ~IO 5.60 21. 1.42 6 
5.00 115 5.70, 21 1.57 7 
5.08 lOS 5.50 22 1.55 7 
5.40 140 5.90 23 1.46 7 
2.80 75 3.25 24 1.60 7 
1.64 80 2.00 10 1.40 7 
1.65 80 2.OS . 34 1.40 7 
2.76 115 3.10 -4 \.45 6 
4.18 100 4.60 "7 1.42 7 
5.56 100 5.94 J3 1.60 7 
5.80 150 6.00 31 1.47 6 
5.30 ISS 5.80 34 1.54 7 
J.OS 85 3.86 34 1.49 7 
3.65 60 4.10 
-53* 1.42 7 
.2.35 125 2.65 23 1.40 7 
1.60 60 1.90 43 1.35 7. 
Calculated 
Yield 
1 
7: 
k-in./ln. 
4.84 
4.86 
5.18 
5.18 
2.63 
1.52 
1.56 
2.65 
4.13 
5.38 
5.80 
5.46 
3.00 
3.61 
2.14 
1.54 
--~--
U I ti ilia te c a 
..... 
:! 
~ 
.... 
0 
.. 
L .. 
::l ... C 
c 
'" I -' >."" -0 
.:: .. 
>-
105/in • k-In./in. r ,deg. 
80 5.42 21 
90 5.78 21 
100 5.94 21 
130 5.76 21 
So 3.51 21 
80 2.10 7 
85 2.16 37 
1)0 J .27 -6 
80 4.4lt 48 
80 6.14 34 
135 6.24 34 
130 5.87 34 
90 3.92 34 
55 4.40 -51* 
\15 2.66 14 
70 2.00 41 
Measured 
CAl I cu I _ted 
..... 
c 
~ i :J!: CI 
x: ~ -0 
OJ ... 
>- ~ 
1.01 L03 
l.O) 0.99 
0.96 0.93 
I. Oft 1.02 
1.06 0.93 
1.08 0.95 
I.~ 0.95 
1.G4I 0.95 
1.0{ 1.01+ 
1.03 0.97 
1.00 0.96 
0.97 0.99 
1.02 0.98 
1.0\ 0.93 
1.10 1.00 
l.0II 0.95 
... 
.., 
C 
1 
;\9 up I Icue 
Test 
Yield 1I1M1 
In Negative ~ 
~nt Side 
.~ 
~ 
~ 
-'" 
L 
III 
x: 
BI4 
... 
~ 
.>l. 
U 
. .r: 
.r:L 
... (J 
Ol"O 
C c: 
~= 
... >-
III U 
(J • 
... C 
~ --
g~ 
u..o 
... 
a ... 
on C 
~ ~ 
L 41 
:;:~ 
-o.e 
- c 
II .-
.- .., 
>- "" 
~' 
~. 
~. 
a 
4-0 
c .-
.-~ ~ 
a: "" 
... 
H § 
Gl .-
!: ~ 
~~ 
C II 
II L 
0::0 
h,ln.\ f~.P5il fy.psi\I'v'Pl( lu~.deg. 
TABLE 6.1 
r[~T RESULTS ·Foo RECTANGULAR· Sf'ECIMf.NS· :;IJBJECTEr' Te; TORSION 
Measun:d /I;::a I cu I au:d II Hf.'ilsurcd 
Cracking Vield 
j j 
k-in./in. 
-r-
10J lin. k-ln·./in.1 100/ln. 
~I t imilte' 
.j 
k-in./in. 
C 
'1l ::-
c .-
..J'" 
~.~ 
>-0 
r .deg. 
c· :.ac~: Gtl9 
~ 
.:E 
'" '-
:l 
'I 
OJ 
r. 
~ 
r: 
:1: 
./ ie,"! 
k- i n.1i n. 10\111,1· k-in.:·· 105/ in. 
U I t I Olilte 
c 
~ Q 
:..~ 
k - i.,. / i ~1 
c: 
"J ~ 
C .-
~~ ~ 
.~ -;: 
._ c 
, ,(leg. 
C"l.::"I;,;u,c 
3 
... III .' !:c 
~~ ~~ 
>-:1: ::>:1: 
or. 
I 
4.09 \ 604&: \ 47 9001 O.Orr 90 -- 1.35 -I ~r~ Definite 1:-:: 45 1.50'; .i:lO !"~J II· I _ I'~~O aay~~s-ireii9th 
• Q.OT YIeld Point . "'Bond Failure 
815 4.09 5260 47.900 tif -45 1.80 H 5.20 75 5.B"n~ 45 "-:'Hand Failur<!! .1-' 
816 4.04 4730 48,3CO~. 90 1.38 8 5.43 IHo 5.43 45 ~ 
817 
BI8 
BI9 
820 
B21 
822 
4.03 5530 50,800 ~:~: -22.5 1.46 II 5.50 30(h~ 5.88 45 
4.08 \ 5040 I 56,1001~:~~ 1 -45 
4.06\5350 152.10(}1~:~~ 1 -45 
4.04 15490 I Sl ,sool ~::~ 1 90 
0.002S 4.03·15180 I 47.BOolo::or-l 90 
4.06 15460. I 53.Bo<il~:~~2SI 90 
1.sC 
1.56 
1.47 
1.50 
1.30 
8 
9 
13 
13 
10 
5.<;0 I 75 0.61 45 
2.80 I 6c ~ .3~~ '+5 
3.02 I 140 !. .1.0.2 45 
2.88 1 130 :LOO 28 
3.39 J 160 3.51 29 
1.62 
1.61 
1.67 
1.40 
I. 35 
! .42 
S .51 ;~Ol)'" 'j .9fi 
6.06 8e t..LJI 
1.87 ~:.; 3.23 
2.96 lIS 3 .3~ 
? .80 Ill) 3,00 
"3.J0 130 3.40 
45 i .00 
4:; 0.97 
45 0.98 
45 1.02 
27 1. 03 
Z7 1. 03 
(0.913 
l.v] 
1.04 
1.07. 
1.00 
\ .03 
J:At Secand 
Y Ie Id 
TABLE A.l 
PROPERTIES OF CONCRETE MIXES 
Compressive 
. Splitting 
Strength, f' 
c Strength, f~ 
t-'\ark psi psi 
~Batch --IIJI- l"k --;'r ~'~ 10 2° , 30 2 3 
! C23 5920 . 6000 
- 485 390 
-
c24 S170 5070 
- 345 270 
-C25 l~630 4320 4000 340 260" . 280 
B26 1~390 3990 4260 320 320 295 B27 . S560 5280 5200 360 385 410 
B27A+ 5020 5360 5330 370 390 . 375 B28 S580 5660 5330 340 400 ' 420 
B29 5570 6400 6060 305 400 425 B30 5530 5620 5560 420 425 1435 B31 . 5700 -55·10 5590 400 . 380 380 B32 S390 5630 5470 360 390 335 
. 833 50.20 4880 4880 345 380. i 360 834 S060 5300 5100 415 440 ·410 835 4430 4440 4900 420 335 ,400 
.B36 5220 B340 5720 425 420 : 370 
. B37 5150 4950 5340 365 350 380 B38 S140 4960 5280 430 390' ! 365 
B39 S380 5290 5340 425 450 . . 425 
B40 SOBO 51401 5045 380 360 ' 435 
j'rAverage of three 6 by 12-in .. cylinders 
oAverage of two 6 by 6-fn. ~ylinders 
+Denotes dupl icate test 
C:S:G Water 
by weight Cement 
1:2.7:3.0 0.61 
1:2.7:3.0 0.61 
1:2.7:3.0 0.70 
1 :2.7:3.0 0.61 
1:2.7:3.0 0.61 
1:2.7:3 .. 0 0.61 
1 :2 ~ 7: 3 .. 0 0.61 
1 :2.7:3 .. 0 0.61 
1:2.7:3 .. 0 0.61 
1:2.7:3 .. 0 0.61 
1:2.7:3 .. 0 0.61 
1:2.7:3.0 0.61 
1:2.7:3.0 0.61 
1 : 2 ~'7: 3 .0 0 .. 61 
1:2.7:3 .. 0 0.61 
1 :2.7:3.0 0.61 
1: 2.7: 3.0 0.61 
1 :2.7:3.0 0.61 
1:2.7:3 .. 0 0.61 
Slump 
in. 
1 2 
2 2 
2. 2 
4.5 3.5 
1 .5 2.0 
2.5 5.5 
4.0 3 .. 0 
1 .5 2.0 
1 .5 1 .5 
1 .5 3 0 0 
4.0 5.0 
2.5 4.5 
2.5 6.0 
2.5 3.5 
6.0 4.0 
4.0 4.0 
3.0 4.0 
2.0 4.0 
3.0 3.0 
3.5 3 .. 5 
3 
-
-
4.5 
2 .. 5 
5.5 
3 .. 0 
-
3 .. 0 
4.0 
5.0 
3 .. 0 
6.0 
-
4.0 
-
-
4 .. 0 
4 .. 0 
-
Age 
at 
Test 
Days 
7 
7 
8 
8 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
!--l 
!-1 
IT\ 
TABLE A.2 
PROPERTIES OF REINFORCEMENT 
NOD 2 (1/4 in. diameter) Deformed Reinforcing Bars 
Avera'ge 
Mark Stress, 
Strain at Average Number of Yield' Str'ain " Av~rage ! Ultimate Samples 
f Harden i·ng Strengt'h ,; f I Strain,E 1 E hiE Tested y s s s y 
Esh i 
p~ ii Percent psi , Percent 
C23 50,0 
c24 50,0 
C25 50,0 
B26 45,"2 
B27 45',2 
B27A"k 49,.9 
B28 47,6 
829 47,6 
B30 44,.Ei 
B31 44,8 
B32 55,9 
B33 45,9 
B34 52,0 
B35 54,0 
B36 52,0 
B37 54,( 
B38 5l,1 
B39 51,3' 
B40 49, ( 
i 
""bo 2.0 72,000; 28 12 2 00 2.0 . 72,000' 28 12 2 00. , 2 .. 0 72,000: 28 12 2 00 . 2.2 66,000: 28 1 L~ 2 00 2. 1 66,800: 29 12 6 00 2. 1 71 ,800, 26 12 6 0O 2. 1 69,000. 28 , 13 6 0O 2. 1 69,000 28 13 2 0O 2.3 66,000 28 15 6 00 2 ? 66,000 28' 15 2 oJ 00 2.7 74,500 25 12 6 0O 1 .8 68,000 32 11 4 00 2. 1 71 ,800: -26 12 6 
28 6 00 2.5 72,900 13 00 2 .. 1 73,800: 26 12 6 00 2.5 72,900: 28 13 6 00 2.2 72,600; 27 12 6 00 2. ~ 71 ,90O: 26 12 6 00 2. 11 67,900:. 28 12 5 
~ 
ftIndicates ~upl icate Test 
Gage Length Comments 
ina 
5 
5 
5 lJ OJ 
5 lJ ..-... 
5 OJ :3: 
5 ..J...I ..J...I C ~ ......:t 
5 c ~ 
5 ~ OJ OJ U 
5 U 1-1- 0 
5 04-4-C 
5 c ":c: a_ OJ 
5 OJ a:: c.c 
5 OJ ...- Ul 
iU 1-5 c OJ 
5 0- > lJ Ul 
5 ::J C ..J...I iU 
5 .- 1-Oil-
5 c o 0 
5 .....l..J...I 
(a) Nonisotropfcal1y Reinforced Slab 
M torsion 
(b) Mohr's Circle for ApplIed 
Moments . 
M bending 
(c) ResistIng Moments at the Yield Line 
FIG. 2. 1 NONISOTROPICALLY REINFORCED SLAB ELEMENT SUBJECTED 
TO PRINCIPAL MOMENTS H, andM2 
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FIG. 2 .. 2 YIELD LINE ORIENTATION IN SLAB· ELEMENTS SUBJEC're:D 
TO UNIAXIAL BENOltH» •. (M 1/M2) I: 0 
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FIG. 2.3 YIELD LINE ORIENTATION IN SLAB ElEHENTIi SUBJECTED 
TO PURE TORSION D '(H1/H2) - -1 
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FIG. 2.4 YIELD LINE ORIENTATION IN SLAB ELEMENTS SUBJECTED TO 
COMBINED BENDING .AND TORSION, (M 1/M2) • pO.5 
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FIG. 2.5 ISOTROPICALLY REINFORCED SLAB ELEMENT SUBJECTED TO UNIAXIAL 
BENDING ~ (M 1/M 2) • 0 
l23 
tv 
Pos I t I YIS Moments I 
Resisting Moment 
______ ----=-......- _~1i"lIl>-u 
FIG. 2.6 NONISOTROPICAllY REINFORCED SLAB ELEMENT SUBJECTED 
TO UNIAXIAL BENDING', (M1/M2) Ii: 0 
124 
PositIve MoMents 
FI G.. 2.7 ISOTROl'ICALLY REINFOfiCED SLAI ELEMENT SUIJ£CTED 
TO PUftE TOftSION p (M,/M2) 11K -I 
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FIG. 2.8 HOHISOTROPItAlLY REINFORCED SLAB ELEMENT SUBJECTED 
. TO FlJtE TORSION, (M1/M2) • · .... 1 . 
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. ApplIed Meant 
- ---. -+--"".... 
II· ·1· " 
.. \ I I \ I 
I I / . 
\\ / I \ / 
I I \ / 
\ I I I / 
'" \1 -/ / 
.. ",. \ ·1 / /' 
......... '/ ~ ~"·I;/ ~ 
---=1:;...--' 
FIG. 2.9 ISOTROPICALLY REINFORCED SLAB ELEMENT SUBJECTED 
TO COMBINED BEND I,.; AND TOftS ION 1/ . (H)/H2 ) ~·.0.5 
/ 
Re i nforcement J 
FIG. 4el ISOTROPICALLY REINFORCED CONCRETE SLAB ELEMENT 
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